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ABSTRACT

This technical report contains the documentation of a
Statistical Analysis System = (SAS) implementation of the
Constrained Linear Models estimation method reported in
 Mimeo Series Number 81k4. A monograph briefly describing
the computational method and relevant theory is included

to make this report gself contained.



THE CIM PROCEDURE . . . .

The CIM procedure is designed to analyze linear models whose parameters
are subject to linear equality constraints. No rank conditions are
imposed on the X matrix or on the restriction matrix. The methods
applied are discussed in the attached monograph.

For a given model, sets of linear parametric functions can be estimated
‘and linear hypotheses can be tested. The procedure automatically checks
to see 1f linear parametric functions are estimable or specified, and
checks all constraints and hypothesis equations for consistency.

OUTPUT

For each model entered, the CIM procedure gives model dimensions, error
variance information, restriction specification, and parameter estimates
including standard errorxs and an ihdication of whether the estimates are
unbiased or specified by the restrictions. The variance-covariance or
correlation matrix of the estimated parameters may be requested.

Each request for the estimation of linear parametric functions results
in the printing of the combining matrix and the estimates with standard
errors and an indication of whether the estimates of the linear func-
tions are unblased or specified by the restrictions. The variance-
covariance matrix or correlation matrlx of the estimated linear func=’
tions may be requested.

Each request to test a linear hypothesis results in the estimation of

- the associated linear functions (with output as described in the previous
- paragraph) in addition to the printing of the hypothesized values of the
linear functions and the appropriate F value, degrees of freedom, and
p-value. The variance-covariance or- correlatlon matrix of the estimated -
linear functions may be requested. : :



— THE PROCEDURE CIM STATEMENT — — — ~ — — ~ 7
The PROCEDURE CIM statement is of the form

PROC CIM <DATA=data_set_name> ;
PROCEDURE INFORMATION STATEMENTS

VARTABIES Statement
The VARIABIES statement tells which SAS variables will be used in the

analysis to follow and only these variables will be included in the
internal computation of the sums of squares and cross products matrix.

DROP Statement

The DROP statement serves the same purpose as the VARIABLES statement
except to specify which SAS variables not to include. '

BY Statement

The BY statement works as explained in thé SAS User's Guide.

CLASSES and ID Statements

The CIASSES and ID statements may not:bé'used with this procedure,

PARMCARDS Statement

There are five types of parameter cards: MODEL, CONSTRAINTS (or
RESTRICTIONS), ESTIMATE, TEST, and OUTPUT.

Each MODEL statement must be immediately folléwedlby a CONSTRAINTS
statement (if there are any constraints).

The ESTIMATE statement causes linear parametric functions to be esti-
mated (under the current model) and the TEST statement causes linear
hypothesés to be tested (in the framework of the current.model).
There is no limlt to the number of ESTIMATE or TEST statements that
can be used. The OUTPUT statement causes predicted values and
residuals to be saved in an output file.



PARAMETER CARD SPECIFICATION = .

MODEIL, CONSTRAINT, ESTIMATE, and TEST Statements
MODEI,, CONSTRAINT, ESTIMATE, and TEST statements are of the form
MODEL numeric_variable = numeric_variable <additional numeric variables>

NOINT
</NOMEAN> <VAR> <CORR> #

CONSTRAINTS ‘
<linear combination of independent numeric variables = constant>
<linear combination of independent numeric variables = constant> #
ESTIVATE
<linear combination of independent numeric wvariables = ? >
<linear combination of independent numéric variables = ¢ >

</VAR> <CORR> #

TEST
<linear combination of independent numeric variables

constant> #

<linear combilnation of independent numeric variables constant>

</VAR> <CORR> #
Options and Parameters
NOMEAN When this option is absent, the procedure will
NOINT ineclude an intercept term in the model. When
NOMEAN or NOINT is specified, no intercept will

be included.

VAR This option causes the variance-covariance matrix
of the appropriate set of estimates to be printed.

CORR This option causes the correlation matrix of the
appropriate set of estimates to be printed.
OUTPUT Statements

OUTPUT statements are of the form



OUTBUT OUT=data_set_2 ' I
<PREDICTED predlcted variable name>
<RESIDUALS residual variable namé> #

where predicted variable name and residual variable name are valid SAS
S namess

An OQUTPUT statement refers to the current MODEL statement. The OUTPUT
statement tells SAS to build a new data set to be named data_set 2
containing all the variables in the data set to which CIM is applied

in addition to other new variables named in the OUTPUT statement. If

- PREDICTED and a SAS variable name are given, the predicted values for
the current model will be included in the new data set under the given

SAS variable name. 8imilarly,' if RESIDUALS and a SAS variable name are
given, the residuals for the current model will be included in the new
data set under the given SAS variable name.

JOB CONTROL STATEMENT REQUIREMENTS AT TUCC

//job_name JOB xxx-yyy-zzz,programmer name

//STEPL EXEC SAS

//SAS.STEPLIB DD DSN=NCS.ES.B4139. GALLANT.SASLIB, DISP=SHR
DD DSN=NCS.SAS, DISP=SHR

//SAS.SYSIN DD *

SAS statements and data cards



~ EBXAMPLE . L

The following example is discussed in the attached monograph.

//CLMEG JOB XXXe yye 2ZZ2Z2Z,programmer _name

//sTEPL EXEC SAS

//SAS.STEPLIB DD DSN=NCS.ES.BU4139. GALTANT.SASTIB, DISP=SHR
DD DSN=NCS.SAS, DISP=SHR

//8AS.SYSIN DD *

INPUT Y 5-10 X 15-203

BETA_1=0; BETA 2=0; BETA 3=0; BETA_L4=0; BETA_5=0;

TF X<l2 THEN GO TO A; IF £>=12 THEN GO TO B;

A: BETA 1=1; BETA 2=X; BETA 3=X¥*¥2; RETURN;

B: BETA " L=1; BETA _5=X; RETURN,

CARDS;
0. 46 0. 50
0. 47 1.50
0. 56 2. 50
0.99 70. 50
1.04 71. 50

PROC CIM;

PARMCARDS ;

MODEL Y = BETA 1 BETA 2 BETA 3 BETA L BETA 5 / NOINT #
CONSTRAINTS
BETA 1 + 12%BETA 2 + 1LL*BETA 5 - BETA L - 12%BETA 5 =
BETA . - oL*BETA 3 - BETA 5 =0 #
ESTIMATE
BETA 1 + 12%BETA 2 + 1LU*BETA 3 =
BETA 2 + 24*BETA 3 = ? #
TEST
BETA 5 = O #
OUTPUT OUT=DATA 2 PREDICTED YHAT RESIDUAL EHAT #

}DROC PRINT DATA=DATA 2;.
* .
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COME’UTING METHODS FOR LINEAR MODEIS
SUBJECT TO LINEAR PARAMETRIC CONSTRAINTS

e THOMAS M. GERIG end A. RONALD GALLANT -

_l/ Assistant Professor of Statistics and >Ass'istah,’c Professor of Economics and o
_-:: - Statistics, respectively. .North Carolina State University, Raleigh, N.C. 27607 - =




L A'ssmcm L

E An eff1c1ent and accurate computational form for B which minlmlzes

' SSE(ﬁ) (y XB) (y XB) subject to RB r us1ng the Moore—Penrose g—lnverseipfftf

o is given. No rank conditions are imp0sed on - R or X . The results are -

. -'applied (1) to estimate the parameters in a llnear model which are subgect to _fb}

('1 11near equallty constralnts and (ii) to obtain the generallzed inverse ‘of.

X'X Whlch ylelds 8. solutldn of the ncnmal equatlons subaect to non- estlmable

i f:constraints on. the parameters.":” 4



. oo 10 INTRODUCTION e
‘ }nWéwshail'oonéiderrthéblinearrmodeir

. subject to the linééf eqnélitY'oonsﬁraints

DU

Rﬁ:r.

%ftlfnln some 1nstances, the restrlctlons to be 1mposed are known to be true a Erlorl.r" "

‘",It 1s common 1n thls case to reparametrlze us1ng the restrlctlons to an un-'

1@fconstra1ned model -or to use the method of" Lagrange multlpllers, see Prlngle

: :wv;rand Rayner (1971) Qur- approach is more dlrnct and, camputatlonally, r%Pld and
[ accarate. In addltlon, no rank condltlons are 1mposed on . X or R . An:o

.?ianlnterestlng by-product of our method arlses when X is not of full rank and

;?n;}3the constralnts are of the ;orm Rﬁ 0 and are non—estlmable., In,thls case ;~"'

the method produnes a g-lnverse (X'X) , suchvthat B = (xx)xy ,solves the

"‘normal equatlonu and satlsxles ‘the restrlctlons - This oanvbe used to findfthe;g'

ffg—;nﬂerse whlch glves estlmates whlch satlsfy "the ‘usual constralnts
f In the remalnder of thls sectlon we will glve our notatlon and set forth
i{‘f;some>propert1es of matrlces whlch w1ll be used later on.r | -
i; The descrlptlons of the matrlces‘appéarlna in the model above are as n;"
e follows: ,y 1s_an_'(n.x 1) 1vector,of,observatlons, X is an (n-X ) matnix,'
;i';of known constants; B isré (prxol) vveotor'of ‘unknown constanté; e isrén
;;5‘(n.x 1) vector of uncorrelated random varlables each hav1ng mean zero and |
fi;?varlance ‘0251 R 1s a (q‘x p) matrlx of known constants, and r is a
frlii:‘(q_x l) vecuor of known constantp.v Tno_equatnons ,Rﬁié r. are assumed to

. have at least. one solutlon in B




Rt e DEFINITION (Searle, 1971, o 16) I:se’c" A --bé'én (mx n) matrix. Then

' "_there ex:.sts a matrlx A of order (n X m) wh:l.ch satlsfz.es vy A A s
e At =
vy AA = (AA )’ . e.nd (A A)' A A The matrlx A : 1s‘-umque e
‘ _and is called the Moore—Penrose gunverse o:f' A i ' Rl

The follomng notatlon will be used throughout the paper. 'If VA ~is a.n s

‘ - arbltrary (mx n) matrlx, .‘Leu

,Q‘A =1-F
- whose dlmen31ons are (n>< n) P (n X n) 5 (mx m) s a.nd (mx m) respectlvely.‘f

" The ranks of these matrlces are, respectlvely, rank(A) s n-ra.nk(A) -.rank—(A) PR

',a_nd m-rank(A) : If a dis an arbltra.ry (n>< l) vector, let
uau <a'a>% .

No’ca’clon whlch is spe01flc to the model y o= Xﬁ + e sﬁbjeot to RB =

- . is as follows:‘
- "3 - (XQR‘).*-(y. - AXR'Fr)‘ +ﬁ+r ." : e
| SSE(B) (y - %)/ <y - XB) Hy - Xﬁﬂ

cand



2 . 7. : ’ . VYVA
= SSE(B')/ (n-ra.nk(XQR))
'whose dlmen81ons a.re, respectlvely, (p X l) y (l x l) , a.nd (lx l)

The :E‘ollow:r.ng matrlx relatlons may be verlf:.ed using the four: def‘lmng

"'Z?_propertles of the Moore—Pen.rose g-lnverse. Much of 'bh:Ls verlflcatlon may be

found in Prlngle and Rayner (1971) and Searle (1971)

. PA ) ,QA s PA" QA are sy'mmetrlc a.nd :Ldempotent,

~3<Af> - @y,

Ay - eyt

| (A".A)JFA" e o )"_L' % A;, , | : ,
- RRYp =1 prorvidedr Rﬁ = I'L‘ére »conisistent ’
R(ﬁ - R r) O prov:Lded Rﬁ
.QR<B' - R I_'>_‘=, ® - 3+r) .:_Pl;maéd Rﬁ_v':"r

: ‘ ‘ S A . : PRR r = er ,’

(et = (),

0 (aprxy) oy = (agarxeg)”



~ In the remaining sections we will assume that the above relations are known .

and VWill use ‘them repeatedly without reference to this sectioﬁ. ;

2. MINIMIZATION OF ERROR SUM OF SQUARES SUBJECT =
. TO A LINEAR CONSTRAINT - |
_ In this section, we demonstrate that the vector B , defined in the
. previous section, minimizes (y _ Xﬁ)) (y - XB) ’s,ﬁ'b,ject to the _c:onsisté;if set
“of linear equations RB =7 . - Next, we discuss ‘a method of_b gompﬁtatién Vba,sédu '
‘on a FORTRAN subroutine by Businger and Golub (1969). - e
THEOREM 1. B minimizes SSE(B) subject to the consisfen‘b c_onstx;é’irnts‘

w =1 . V - ' '

© PROOF. We will first verify that BB = r . There is a f such that .

r ‘since we assumed a consistent set of constraint equations. Then - e

S

= R (v - ) ¢ R

RQR (XQR)’L,(y - ,X"R+r')-+ RR'r

='O+RR+BE=R5=I'.

© We now verify that SSE() < SSE(f) provided f satisfies RB =r .-



| »A:f-:ssm(é).?lly - ':ce»l;é -‘vaRéu"‘
Hy XR r - XQRE + XQR('EI ﬁ)l!

| - %;m? - HXQRF o

s % - XQR3>f<xQR>(E 6).,

b B R ;
+‘2(y,XR+r)’[I-(XQR)(XQR)+](XQR)(B' i j L
=l - P + oy ® - B o
‘%'SSE<B>'_ u

i The co*nputation of the minimizing vectoxf E requi'res 'o'nly 'relementary -

e matrlx computatlons provided one has a means for computing the Moore—Penrosev'

" g-lnverse - This may be obta.lned aslng the. sz.ngular value decom;pos:Ltlon of a
- matrix.
" For a given m.atrix A of order (mX n) with m=2n we may decompose

A as

A = USV’ ,

where U is mxn), S is an (n>< n) dlagonal matrlx W:Lth non-negatlve S

‘elements, V/  is (n>< n) and




I, =UU=VY =W :

denote the |

ThlS is called the 51ngular value decompos:l.tlon of A ~Let. s,
dlagonal elements of § . -Set s: l/s if sl >0, set' z =0 if
5 s 0 ~and form the dlagonal matrlx st from the elements ‘ : : Then the

1

o e Moore-Penrose g-inverse of A is given by

A" = vstur

a.nd the ra.nk of A is the seme as the number of non-zero . si . "(If m <n .
" ”:jcompute B = (A') : usirig this method and set AT = B L)
A hstlng of a FORTRAN subroutlne to. o’otaln the s:Lngular value de—

2 compos:.tlon of A may be found in Busul,ger and Golub (1969) The subroutlne :

as llsted is for a COMPLEX matrlx A , but we had no. dlfflculty in convertlng f

set sl:-O if 84 <s X (1x 10”

:.t to REAﬁB from the COMPLEX version. We ‘have had good results u31n~g an -

:,-:Z"NIBM 570/165 setting the parameters ETA = 1.D - 1l+ and TOL = '1.D - 60 ; we

If y a.nd X -are too large :E'or storage in fast core but uhe sums - of .
;-:.,.‘squar_esra,nd cross-products y V.o, Xy, and X’X can be stored, then .the

:' ‘» : cpmpxitatione.l formule

= ‘(QRX'XQR)%(I.C’y ; X?Xfr) + R'r o
,v me:y' be ﬁsed. If ther formuia

= (XQR)+(y - m%+r)-'+' Ry

is feaéible,fits use'shou‘ld' improve the accuracy of the :eomputations ‘-by_

Tans avoidin'g unnecessary matrix multiplications.




3. LINEAR MODELS SUBJECT TO LINEAR PARAMETRIC CONSTRAINTS
.~ The statistical'prqpertiesfof. E~ when used,as_an estimatejof fB..in'ﬁhe,;r:
i»'linear’model_ | 7 |
y=XB +e
nﬂisubjeCt to,therg priori consistent constraints
BB = r
:éreuspélt out in théifollowing four theorems{'-These resulté'a:e fairly.well' '
“known, see for example Pringle and Rayner (1971, p.'98).17Wé hévé'inclﬁded_:

'proofs which depend heavily on the'properties 6f tﬁe Moore-Penroserg-inVéréé“ '

" in the Appendix; we believe thét these proofs are new.
THEOREM 2. There is a f of the form -
B=ty+c

" such that &(\B) = A’B  for every P satisfying'the consiStent,eqﬁations -

"RB = r - if and only if there are vectors & and p such that
A = 8'X + p’R .

. THEOREM 3. Let B be any estimator of the form f = Ay + c and A be
. of the form )\’ = §/X + p/R . If S(Xfé) = \'B for all B satisfying the‘,,,'

consistent equations RB. = r then

Var(\/B) < var(u'B) . ﬁ'_ :




-~

 freedom and  f

TI—IE!OREM lk e(SSE(E')) =[n-rank(XQR)]62 provided B =r.

. THEOREM 5. Let e be distributed as a multivariate normal with mean 0 =

?:f_a.nd varia.rice—coxferiance matrix '02I < If A .is_‘ a matrix of the form ~ ° .-

N = AMX 4+ PR o

‘then” A’ is distributed as a (possibly singular) multiveriate normal with -

- mean A’ and variance-covariance matrix o"A’CA - where

Lo metme .

rMor‘e'over, SSE(B')/O‘Q_- is inde'_pendently'c‘.iist,ribute_d'ha.ving a chi-square'd' L

distribution with n-rank (XQR) degrees freedam.: -

.COROLLARY: Let e be distributed as a multivariate ndrmaJ. with mee.n‘: 0

»andfvariance-covariance matrix oo . If A is a matrix of the fom

e Ar' = A’ + PfR | then undex" the hypothesis

H: AI?:AIﬁQ,"-.

 where BB® = r , the statistic

(A% - wB7)r (aren) (0B - wB7)/5y
8 = :
) : ~2 :
o . R
where fi = rank (1\.’ CA) has the F-distribution with 'fl - hu;nerator degrees.

» = n-rank (XQR) dencminator degrees freedom Provided > 0.

- Ina ty@ic'al application of the precéeding ‘theory, one niight be interestéd o

. _in estimating the linear function A\’ for ‘the model y = XB + é 'subj:ect' to .




. ~>,7"BB‘= r e.ssumlng 'bhe.t the errors are normally dlstrlbuted. 7 More’]ike'l-& ﬁhan g

"‘hot', the (n + ax p) me.trlx : (;f) will have rank p .so thatA A w:Ll.l, 'ofA’f. o

necessity, be,of the form }\' = §'X +'p'R ‘. (1f the matrlx (R) does no‘b

.haire rank D ﬁh‘e ' conditlon must be checked d:Lrectly ) By Theorem 3, the
) .> best llnear unblased estlmate o:f' )\'B is- 'B' The correspondlng estlmate' o
Cof varlance is® ¥ )L'C}\ with n- ~rank (XQ ) degrees freedom by Theorem )+ |
No‘be, however, that if }\' ~is of the form V)\' é 'R then ),'C},, =0 and
"'.x’ﬂ = }\'R r . Tha.t is, 1f 7\' = p’R then AB ds spec:.fled by the
’lrrrestrictions 'tobe Jt;he constant )'R T3 the data contr:.bute no’chlng ’co the

- xesbtimate'.' One. may test a hmo*hes:Ls of the form

: 0
H:  AMB = ANBT
where P@ =71, and_‘

\ e - e A = ATX +7P’R

' . by appl;ylng the Corollary in a stralghtforward fashion.
. As can be seen from the above, the apphcatlon of Theorem l ’co the

' estlmatlon of an estlmable function. A B, requlres the computatlon‘ of
B=(yg) ¢ -®r)+Rr,
- + W\t
= '
(xag) (xag) ™,
dnd

(y - B (v - XB)/ (n-rank (XQR))



. In those appllcatlons for which the matrlces v -a.nd X are too large for s

storage in fast core, one may compute the sum of squares and cross-product

rma'brlces y'y y X'y, a.nd_ X/X and substl’cute the formulas~

: Bekegmegﬂwyexmf?lfﬁ?;ia
= (QRX'XQR)*',

= 'y - Bxey + Brxf)/ (arank(0)) .
- To iliu:s"l‘srate the eomputatiens we will considef fitting ra éré.fted _'poly- |
- 1 noﬁia1‘to data. cdllectedvin s mutrition study (Eppfighﬁ et al., 1972) The
.‘ '7 ; 7>d.a:ba. shown in Flgure 1 are preschocﬂ boys* welght/helght ratios ( ¥) plotted L
| aga.lnst age - (— x) 3 the numerlc values are g:Lven in Table I 7 We w:Lll assume
e model which is linear for ages above twelve months and quadratlc for ages

below.'f Further, we will require that the response functlon be contlnuous |

a.ndhave contlnuous flrst derlvatlve in x .. 'More Iomal.'l:y‘, the model is o

=By tBgy  12sxsT2
subject to a continuity constraint at the 'peint of join

By Bg'lg + Byl ,"?lé - 55.;2 - 0‘
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_*; andja.dontinuity constraint on the first derivative in x 'at‘the>jbin'pointA

o PerByiopim0.

e Thérvalues'Of E ;, C‘;:andj'Egi'camputédrfrom,fhese data are: ' -

B = (Lel, .055, -.00213, 730, ;60596) gt
46 -.0812 .00342 -.0M69 000930
-.0812 - . .0165 ~. 000702 ; L0199 %-000396'
';: 0;=, 00342 -.000702  .0000300  -.000900 .0000183 |

;50469 B L0199 . -.000900  .0825 '-}0017;‘~

. 000930 _  -.000596 ' .000018%  -.00171 . 0000433

ama |

St e 07 = .000549
. with T2 - 3 = 69 degrees freedom.  The fitted equation is“plotted ggainsﬁ
 the datajin'Figure 1. If, say, one wished to estimate the slqpevbfmthe‘:
 equation for ages pést twelve months one would consider the estimation of
”'} fk'B with A’ = (0,0,0,0,1) . Since (g)":has vrank 5 , A\ is of the form -

Lr—d

M =8/K + p/R . The estimate of slope is A/B =’35 = .00%3% with standard

error .-

(A'CA?EQ)% = (05532)%,= . 000154 .



k. SOLVING NORMAL EQUATTONS SUBJECT TO

'NON-ESTIMABLEACQNS$RAINTS
1{ﬁ;l  ¢gn§iderthe pfoélemdf sbiving the hdrmal'equatiogs;“in~ S
X'X§,=vx;y}
'éﬁbjeéttotﬁe non‘éS£iﬁable Pérametric COhstrainté. 
mB “o.

By'non-eStimable, we mean that there do not exist noh-zérd'vectofs' 6 'andﬂ o

‘sﬁch ﬁhaﬁ;'
| 6’X = b'R . :
© Our solution consists of ghowing that
¢ ='(QRX;XQ§5*,
is é generalized invérse df XX pfqvided tﬁat the restfictiéns.-ﬁﬁ»£ o- aré' 

. non-estimsble. It then follows (Searle, 1971, p. 8) that o

' is a solution of the normal equaﬁions. We have seen earlier that &P = 0 thus

satisfying;the non-estimable paramétrié constraints.

- THEOREM 6. If there do not exist non-zero vectors Sr'andrrbvﬂsuch that

. 8’X = p’R  then

W



W

C = (QRXIX%)+ |

- is a generalized inverse of " X/X .

© PROOF. Let

XQR». X

R ] |R

| ‘S:ane T 1s non-s:.ngulax, the ranks of Z -and ( ) are the same. S:ane the
' l:Lnee.r spaces generated by the rows of X and R care dlS,jOlnt by hypo’ches:.s
~we have that rank(R) = rank(X) +  rank(R) . VSJ.nce the linear spaces

generated by the rows of XQp and R are orthogonal’. rank(Z) = ra.nk(X'QR') ’

+ rank(R) “Thus rank(XQR) = rank(X) Since the coluinns of XQR are

linear cmblnatlons of the colu_mns of X and the ranks of the two matrlces

are equal, there is a- non-s:.noul r matrlx S such that XQR =.X8 .. -Thus,

B xrx(QRX/xQR)+X'x'=svfISfX/XQR(QRXIXQR)fQRx'xssfl.
=5/ QR X0 (X K0 ) QK XagS
5 L

=1 -1 - -
=57 /‘ = .§¢ 1t
81T X/XQS T = 8478 /K XSS

’=X'X'FU




As an example of the use of this theorem in applications consider é ‘

01100

00 0 1 1

“. The Moore-Penrose g-inverse of R 1is

o so that

11

0

o o R

o 1

1 0]

O

0 1

wi

L woj

0

::édmpleﬁeﬁrandomized block design with two treatments and ﬁwo’bloCksﬁ{i o

'sﬁbject’to the uéual non-estimable parametric constraints.

O .

-

16



Thus, -
%,,oko 0 O
o 3 % o o0
c= o -+ % o of .

O
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O
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o

o

O
]

¥
L

it;is easy to verify that -

—

o 1 r—yll *Vpt Vo t ¥
R Y117 Y12 - Va1 7 Va2

To| =Ky =%y -V Yyt Voo| v
bl Y117 Y12 F Va1 - Yapy

Bal |Vt Vit Vet

and that these are the usual parameter estimates.
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APPENDIX .

. PROOF OF THEOREM 2. (If) Let A’ = §’X + p’R

™
Py .
>

)
™
g

I

= (XQR)+(Xﬁ.- XR+JE) + VR'T

]

(57X + p/R)Qp(XQp Iix (g - R'r) + (87X + p/R)R'r

5/XQ (xa,) X (B - R'r) + 6/XR'r + p/RR'r

5/Xq (X0 ) Xy (B - R'r) + 6/XR"r + o/RB.

n

R + '
8/Xqp (B - Rr) + 8/XR r + p/Rp

§'X(B —~R'r) + 6/KR'r + p/RB

(6/X + p'R)B

]

A .




Sag il

' (Only if) If P is of the form
B=Rr+ Qéy

‘then. BB = r for all choices of .y . ‘We will take B to be of this form and ;:i{;ﬂ

eiamine the'cohsequenceS“of various éhoices of 7 uhder the assumpti6n'that
there is é 7

B=Ay+ec

such that e(aB) = A8 'for all 7 . Under this assumption, i:or all 7y

NAXR'Y + MAXQY + Me = MRT + Gy
First set y = 0, hence
+ +
MAR'T + A = ARz,
so that
AAXQRY = A QpY
for all choices of 7 . By successive choice of the elementary vectors for Yo

. we obbtain

aey = wG

 vhence



-

k|

M NG T AR

AKX S MAR T B

fi

[AATX + Ivaxe’ + MR g

8% + p'R .

PROOF OF THEOREM 3. From the pr‘oof of the previous theorem we i’iave. S

X’AXQR = MQg - The variance of )\’E is

Var (\/B) >\'.(XQR")+(Xfag:{)"h-'m‘2

n Qg (x0p )T (k) Trapne®

MQ (QX7X0 ) Qe .
R\t EQp) Qgho -
Let W =.XQR .3 -the variance of AB is

4. vér (wB) = A’AA'NQ
- )‘_'A[P:; + Q;;]A'w?
N MAGA) (k0 ) ane® + ArAgane®
- )\/A(XQR)(G’RX’XQR)ﬁ-(XQR)’A\')\U?‘IF A’AQ;;A'?\G?
i .\.'QR'(C;‘;PX'XQR)J#QR}-"Q * K’AQ;A”‘»G?

= var(WF) -



-~

- PROOF OF THEOREM k. 'Lét W= xqi'. 'fhen f 
©ossE@) - Iy -1
= ly - X(XQR)+(y - XR*r):f'XR+fH2,'V.. |
- lly - ¥ay (k)" (v - 1B7x) - 2|
= e + e - P
Now T

GE® - ’'r) = (e - R'x) + @ B - K'r) =0

since QM =0 and PR(B -Rr)=0 provided R =r . We now have that

. B * ‘,
"SSE@) = e’Qy € ,

where Q. is symmetric and idempotent with rank Qg = n-rank(W) .~ Thus

| 8(6'Q;e) = [n;rank(w)}cra .1

- PROOF OF THEOREM 5. We may rewrite P as follows. -




-3

>
™
i

= r(xe) (e + e - W)+ ARy

= arEqy)e + n (k)X - BTr) + AR

+

= 1 (0)"e + (X + PR)Q(Ka)X(B - BE) + (arX + PR)R'E

+

= ar(xe)Te + arxq (%)X (B - B'r) + 4R’ + P/RR'Y

3

= A (xq)7e + o’ (XQR)(XQR)+XQR(6 - B'r) 4 pxE’r + pEB

o= (XQR)*é + a7XQ (B -7R+r) AR + P/RE

3

o
AX(B - R'r) + AKR'T + PIRB

® (xag)"e

[ = N (XQ,R)HF‘e + (A’X + P'RjB'

= & (ag)’e + B

Thus, A'g has the (possibly singular) multivariate normal dis"crib‘ution:rwith
'meén »hA’B and varlance-covariance UQA’CA . | | 7
 Let W =XQg . ‘From the proof of Theorem 4 wé have that 7

SSE @')/02 = e"@é?e/cr2 where Q;; is symmetric and idempotent with rank

'n—ranl&(XQ,R) . Thus, SSE(s‘)/ce has the chi-squared distribution' with n_mm%) :

degrees freedom. ' | V R
Consider the randonm variabies (XQR)+e + B elnd _' Q;; é. -Since their co-

. - variance matrix 02,(XQR)+Q; = 0 they are independent. Asja éonséquénce,' the

- L .
A o ~ ) 1
random variables A’ = A/(XQ,) e + A/B  and .
- independent. [ - : e

S8E

ik

o W ¥
(B) = erqeye are




