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THREE STAGE LEAST SQUARES ESTIMATION FOR A SYSTEM

OF SIMULTANEOUS, NONLINEAR, IMPLICIT EQUATIONS

A. Ronald GALLANT
North Carolina State University
Raleigh, N. C. 27607, U. S. A.
The article describes a nonlinear three stage least squares estimator
for a system of simultaneous, nonlinear, implicit equations. The estima-
tor is shown to be strongly consistent, asymptotically normally distributed,

and more efficient than the nonlinear two stage least squares estimator.

1. TIntroduction

Recently, Amemiya (1974) set forth a nonlinear two stage least squares
estimator and derived its asymptotic properties. This article is an exten-
sion of his work. A nonlinear three stage least squares estimator is pro-
posed, and its asymptotic properties are derived.

A salient characteristic of most nonlinear systems of equations is
that it is impossible to obtain the reduced form of the system and costly,
if not actually impossible, to obtain it implicitly using numerical'methods.l
For this reason, the estimation procedure propesed here does not require
the reduced form--the system may remain in implicit form throughout. In
this sense, the nonlinear two stage estimator used as the first step of the
procedure is a generalization of Amemiya's estimator since he assumes that
at least one endogenous variable in the structural equation to be estimated

can be written explicitly in terms of the rest--that assumption is not made here.
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The estimation procedure is a straightforward gene;alization of the
linear three stage least squares estimator.2 The estimator thus obtained
is shown to be strongly consistent, asymptotically normally distributed,
and more efficient than the nonlinear two stage least squares estimator.
The regularity conditions used to obtain these results--while standard3--
are somewhat abstract from the point of view.of one whose interest is in
the applications. This point of view is ﬁept in mind throughout the
development; the practical implications of the regularity conditions--and
some pitfalls--are discussed and illustrated by example.lL Also, the means
by which the estimators can be computed using readily availabie nonlinear

regression programs is mentioned.

2. The statistical model
The structural model is the simultaneous system consisting of M

(possibly) nonlinear equations in implicit form
*
qa(y, X, 6,) =0 (=1, 2, ooy M)

where y is an M by 1 vector of endogenous variables, x is a k by 1

*
vector of exogenous variables, and Ga isa p. by 1 vector of unknown

a

parameters contained in the compact parameter space (:&. An example is:

% 4 g * * 5 o
a¥ + a¥ [n v, + a¥ [n yptafx=0,

* * * ¥ x=0.
bO + bl N + b2 Vo + b3 x=0

The correspondence with the abowe notation is Ol = (ao, 815 8p, a3) and

92 = (boy bl’ b2, b3)-
It is assumed throughout that all a priori within-equation parametric

restrictions and the normalization rule have been eliminated by reparameterization.



For the example, the a priori information ag + ai = 0 and the normaliza-

tion rule a¥X =1 would be incorporated into the first equation by rewriting

2
it as

* - X w0 .
a¥ (fn ¥y 1) + [n o+ 83 x = 0 3

whence, 91 = (al, a3). ‘In applications this convention will rarely be in-
convenient because most a priori within-equation information consists of
exclusion restrictions; reparameterization amounts to no more than simple
omissions when writing the equation. A priori across-equation restrictions
are explicitly incorporated into the estimation procedure and theoretical
development.

The formal assumptions, set forth in Section U4, indirectly imply that
qa(y, X, Oa) carmot depend trivially on any component of Ga; i.e.,
qa(y, X, Qa) must actually vary with each componeﬁt of Qa. However, y
and x include all variables in the model and trivial dependencies are per-
mitted.

Due to slight errors in specification and/or errors of observation,
the data (yt, xt) available for estimation of the structural parameters

are assumed to follow the statistical model

*
qa(yt, Xt, ga) = eat (a = l’ 2, seey M; t = l’ 2’ veey n)

where the M-variate errors

e, = (elt’ €pr o0es eMt)'

are independent and identic¢ally distributed each having mean vector zero and

positive definite variance-covariance matrix 2.5



Instrumental variables--a sequence of K by 1 vectors {zt}--are
assumed available for estimation. Mathematically, the inétrumental variables
need only satisfy the regularity conditions. However, it seems reasonable
to at least insist, as does Fishar (1966, Ch. 5), that instrumental variables
be restricted to functions of the exogenous variables; viz., z, = Z(xt).
The usual convention in linear systems of sihultaneous equations is to require
that the instrumental variables be the exogenous variables themselves;

Zy = Xy Unfortunately, such a restriction would destroy identification in
many nonlinear systems. On the other hand, permitting wide latitude in the
choice of instruments for the purpose of identification and éstimation intro-
duces a disturbing element of variability in results--different results will
obtain for various choices of instruments even though the data, model
specification, and normalization rules are the same.

Fisher (1966, p. 131) states: "Since the model is supposed to be

a theoretical statement of the way. in which the endogenous variables are

determined, given the predetermined variables and disturbances, we shall

assume that it does so." 1In the present context, this requirement translates
into the existence of a vector valued function Y(x, e) such that

Vi = Y(xt, et), i.e., the existence of a reduced form. This requirement,

as the requirement that z = Z(xt), is unnecessary for the mathematical
development in the later sections. However, as will be seen in the next
section, the existence of Y(x, e) and the insistence that the instruments

be functions of x certainly makes attainment of the formal regularity
conditions more plausible.6 It should be emphasized, however, that the user
is not required to find Y(x, e) in closed form or even to be able to compute
Y(x, e) for given (x, e) using numerical methods in order to apply the

statistical methods set forth here.



One detail should be mentioned before describing the estimation
procedure. The sequence of exogenous variables {xt} is assumed to be
either a sequence of constants or, if some coordinates are random variables,
the assumptions and results are conditional probability statements given the
sequence {xt}-—lagged endogenous variables are not permittéd. Nevertheless,
the proofs, in fact, only require the stated regularity conditions with the
assumptions on the error process {et} modified to read: The conclusions
of Lemma A.3 are satisfied. Be that as it may, there are no results avail-
able in the probability literature, to the author's knowledge) which yield
the conclusions of Lemma A.3 for lagged endogenous instrumental variables
generated by a system of simultaneous, nonlinear, implicit equations. (The
requisite theory for the linear case is spelled out in Section 10.1 of
Theil (1971).) The reader who feels that these modified assumptions are
reasonable, in the absence of such results, may include lagged endogenous

variables as components of xt.

3. Estimation procedure

The observables, corresponding to a trial value of Ga, may be

written in convenient vector form as:

9 (8y) = (ay(vys X5 85)s 4, (¥ps %55 €y)s --vs (35 X 6)))" @ X 1),

Z=1| 2} (n X K) .




The first step of the procedure is to obtain the nonlinear two

stage least squares estimators Ga by minimizing
-1
- ' ' '
Sa(Qa) (1/n) qa(ea) 72(2'2) ~2Z qa(ea)

over (:2, equation by equation.
The second step is to estimate the elements o of the variance-

af

covariance matrix I by

~ A~

OaB = (l/n) G‘('!(QG) qB(GB) (aa B = 19 2, ceny M) .

To carry out the next step, '"stack" the parameters and observables as:

‘M
e = (e',eé, ""eﬁ)' (p = §pu x1) ,
a=1l
a(e) = (q](8,), q)(e,), s ap(8,))'  (nM x 1) .

The third step is to obtain the nonlinear three stage least squares

estimator by minimizing
S(8) = (1/n) q'(6)(I 8 2)(Z 8 2'2) (1 8 2') q(8)

_ v M <:2 . . . .
over <:)- Xa=l where I is the M by M identity matrix.

Define:
_ .th )
Va qa(y,x,ea) = the P, by 1 vector whose i— element is (a/aeia) qa(y, X, Oa),

6 ),

) . th Lo
Qa(ea) = the n by p, matrix whose t row is Va qa(yt, Xos 8,

Q(e) = diag (Q,(8,), Qy(8,)5 «eny Qu(8,)) (M x ) .

The fourth and final step is to obtain the inverse of the matrix



Y=/ @ xez) Cezz)yt(rez) o).

In Section 5 it is shown that vn (§ - 6%) is distributed asymptotically
as a p-variate normal with a variance-covariance matrix for which (?5)_l is a
strongly consistent estimator.

One may wish to impose restrictions across equations in the third stage.
In the present context, the most convenient way to represent these restrictions
is by reparameterization. Let p be an r by 1 vector of new parameters and
let g, be a Py by 1 vector valued function relating the original parameters
to the new parameters according to ea= ga(p) . It is assumed that r < p and
that p 1is contained in the compact parameter spaceJFD.

Define:7
glp) = (g1(p)s golpd)s -5 gylo))'  (p x 1) ,

_ .th ‘ .
vp gia(p) = the 1r by 1 vector whose j element is (B/BQj) gia(p),

. .th o
Ga(p) the P, by r matrix whose i— row is Vp gia(p),
G(p) = (Gy(p), B (p), ..vs GR(P)I'  (p x 1)
The third step of the procedure is modified to read: Obtain the
: "
estimator p by minimizing
S(g(p)) = (1/n) q'(g(p)) (I @ 2) (£ 8 2'2)"L (I @2') qlglp)) .

The fourth step is modified to read: Obtain the inverse of the matrix

OHE = (1/m) [6'()) Q'(a(®)) (T ez) (zez'z)t (Tez) Qg®) a®)] .

. v , . . . .
In Section 5 it is shown that vn (p - p*) is asymptotically distributed
as an r-variate normal with mean vector zero and a variance-covariance matrix

for which (8'3&)—1 is a strongly consistent estimator.



If desired, results obtained subject to the restrictions © = g(p)
may be reported in terms of the original parameters: Put 6 = g(B). The
estimator 6 1is strongly consistent for © and Nn (6 - 6') 1is asympto-
tually distributed as a p-variate normal with mean vector zero and a variance
covariance matrix for which G(p) (E'ﬁa)'l ¢'(p) is a stréngly consistent
estimator. This matrix will be singular when r < p.

The computations may be performed using either Hartley's modified
Gauss~Newton method or Marquardt's algorithm. A program using one of these
algorithms is the preferred choice for the computations becau;e they: are
widely available, perform well without requiring the user to supply second
partial derivatives, and will print the asymptotic variance-covariance
matrix needed to obtain standard errors. Our discussion of how they are
to be used depends on the notation in Section 1 of Gallant (1975b) and the
description of these algoritlms in Section 3 of the same reference; the
reader will probably need this reference in hand to read the next few
paragraphs.

To use the algorithms as they are usually implemented, factor the
-1
)

MK by MK matrix (© ® 2'Z)" 1 +to obtain R such that R'R = (5 ® 2'Z)"%;
then use the algorithms with these substitutions: y = 0, £(6) = R(I ® 2') q(e),
and F(6) = R(I ® 2') Q(0). Most implementations of these algorithms expect
the user to supply a PL/l or FORTRAN subroutine to compute a row of f(9)

or F(6) given © and the row index. (To be given an input vector X,

of f(xt, ¢) 1is equivalent to having been given the row index.) This is
needlessly costly, for the present purpose, because it requires recomputation

of q(6) and Q(6) for every row. The difficulty can be circumvented since,

for each trial value of ©, the subroutine is always called sequentially with



the row index rumning from I =1, 2, ..., nM. The user-supplied subroutvine
can be written so as to compute and store f£(6) and F(6) whem I =1 and
then supply entries from these arrays for the subsequent calls: I =2, ..., nM.

The matrix C printed by the program will satisfy nC = (5)_1; that is,

~

the diagonal entries of C are the estimated variances of ©, whereas the

diagonal entries of (5)-1 are the estimated variances of Vﬁ 5. The

standard errors for © printed by the program will have been computed from

the diagonal entries of 32 6 and may be used after division by \/sgg

2
s is, in this instance, a strongly consistent estimator of one. A good

choice for the starting value is % = 6= (éi: 6é: teey 5&)'.

Similarly, one may use these algorithms to compute P by putting
y=0, f(p) =R(I ®Z') ale(p)), and F(p) = R(I ® 2') Q(g(p)) G(p); the

S y=1 ;

matrix C will satisfy (G'QG) ™ = nC. To compute the nonlinear two stage
least squares estimators Qa’ factor the K by K matrix (Z‘Z)-1 to

1

obtain R such that R'R = (2'Z) " +then put y =0, £f(6) =R 2’ qa(ga),

and F(6) =R 2' Qy (ea).

i, Exogenous variables, assumptions, and identification
s I s

The assumptions, given later in this section, used to obtain the
asymptotic theory of the nonlinear three stage least squares estimator,

n

require that sample moments such as (1/n) Zy qa(yt, X Qa) converge

bX
t=1
almost surely uniformly in Ga. It is obligatory, therefore, to set forth
reasonable conditions on the exogenous variables so that such limiting

behavior is achieved in applications. To illustrate one of the problems

involved, assume that the errors

— g*)
et = Vg Xpr O
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are normally distributed. This implies that the function. qa(y, X, Oa)
cannot be bounded, which effectively rules out the use of weak con-
vergence of measures as a means of imposing conditions on the sequence
of exogenous variables {xt] (Malinvaud, 1970). We are led, therefore,
to define a similar but stronger notion.

Definition. A sequence {vt} of points from a Borel set ?L/’iﬁ
said to generate convergent Cesgro sums with respect to a probability

measure Vv defined on the Borel subsets of 'L/"if, for every real valued

continuous function f with f]f(v)ldv(v) < @, the limit

n .
Yim . (1/n) = £lv,) = [ £(v) av(v) .

1

There are two simple ways to generate such sequences: fixed in
repeated samples and random sampling from a probability measure. In the
former case, where a sequence {xt} is generated from the points

8y By eeey B g according to

= %(% mod T)

ct+

the relevant measure is defined by

T-1
u(a) = (1/7) o I,(a;)

the proportion of the ay in A

vhere IA is the indicator function of the set A. In the latter case,
where a sequence {et} is generated by random sampling from a probability
measure P, the relevant measure is P itself; almost every realization
of {et} will generate convergent Ces;ro sums with respect to P by the

Strong Law of Large Numbers. The joint sequence of exogenous variables

and errors
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vt = (xt, et) (t = l, 2, s e )
will generate convergent CesEro sums with respect to the product measure

v(a)

Il 1,(x, ) au(x) ap(e)
T-1
(1/1) E, [ I,(a, ) dp(e) .

There are, of course, many other ways to generate a sequence of exogenous
variables {xt} such thét the joint sequence {vt = (Xt’ et)} generates
convergent Cesaro sums with respect to a product measure v = u X P,
Another example, "near repiicates," is obtained by letting the {aij}
te sequences converging to aj (3 =1, 2, vee, T) as i tends to infinity
and putting x_ = 3 5 where t = T(i - 1) + j.

The attainability of the limit assumptions obtains from:

Theorem 1. Let f(v, ©) be a real.valued continuous function on

'1f><:> where IV, is a Borel set and (:),is compact. ILet {vt} generate

convergent Cesaro sums with respect to a probability measure v defined
on the Borel subsets of‘Z(; Let h(vs be a real valued continuous function
on —”f such that |[f(v, 0)| < h(v) and f h(v) dv(v) < ». Then:

n
i) The sum (1/n) X f(vt,e) converges to the integral

t=1 .
I (v, ©) dv(v) uniformly for all o in .
n
ii) The sum (1/n) X_ su f(v,, © is bounded.
) (1/n) R (:)| (Vi )]
Proof. The proof of the first conclusion is, word for word, the
n
same as for Jemnrich's (1969) Theorem 1, excepting that (1/n) tﬁl f(vt, e)
replaces I g(x, 9) an(x), f f(v, @) dv(v) replaces I g(x, 0) ar(x),

—— AN
and the lim is obtained from the definition of convergent Cesaro sums with

respect to v rather than the Helly-Bray theorem. The second conclusion
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follows from the bound sup (§>|f(v, 0)| < h(v) and the assumption that

n
1/n) & h(v converges.
(1/n) 2 h(v,) ges. [l |

Recall that earlier the existence of a reduced form Y(x, e) such
that Ve = Y(xt, et) was assumed and that the instruments were assumed to
be related to the exogenous variables according to z, = Z(xt). If it is

further assumed that Y(x, e), Z(x), and qa(y, X, Oa) are continuous,

then, by Theorem 1, the uniform limit of

n
(/n) 2, 2 90y Xy O

exists if [v,c = (xt, et)i generates convergent Cesaro sums with respect to

v and there is a v-integrable continuous function h(v) which dominates

£ (v, ga) = Z[(X) qa(Y (x, e), x, Qa) .

]

. *
Wé illustrate with the example, imposing ay 0 and the normaliza-

R *"l b*"
tion rules a; =1, by = 1:

+ [ +an
8o T AR Vg T B3 Xy = S0
b + b by
0 T Py ¥g + Vo t 03 Xy = €y -

The reduced form is:

Y. (x, e) = exp( ¥ ar %)
1%, e) = expe; - aj - a3 x) ,

* *
X)"bx.

3 3

* * *
- by - b exp(el - a

Yg(x, e) 1 o "~ @

€2
Assume normally distributed errors and that {xt} is fixed in repeated
samples due to replication of the points (0, 1, 2, 3). To evaluate, say,

n
(l/n) tﬁl xt ql (yt, xt’ Ql) consider
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(v, ©

l) X g (Y(x, e), x, gl)

=X + X * e il +
= ao el - X ao - a3 X a3 X

which is dominated by the continuous function
* *
h(v) = 3le; | + (o, a) [3lag - apl + 9lag - agll s

n
recall that ﬁﬁl is compact. Thus, the sum (1/n) til X, ql(yi, X; 91)

has uniform limit

I f (x ay + X e - X ag - ag x° + a3 x2) au(x) ar(e)

3 .
(1/4) #ﬁo [ & 8, + X e - X az - a§ X + ag x2) n(e; 0, ) de

]

(1-5) (g = 3g) * (3:5) (a3 - a3) _'

This 1limit is an almost sure uniform limit because the Strong lLaw of Large
Numbers was used to deduce that {et} generated convergent Cesaro sums;

- hence, there is an exceptional set E occurring with probability zero
corresponding to realizations for which the conclusion of the Strong Law of
Large Numbers fails to hold.

The regularity conditions imposed on the system are:
Assumptions. The moment matrix of the instrumental. variables
(1/n) Z2'Z converges to a positive definite matrix P. The errors {et}
are independently and identically distributed each with mean vector zero
and positive definite variance-covariance matrix . FEach parameter space
@a is compact; the true parameter value 9; is contained in an open sphere
0_ which is, in turn, contained in (:Lx Each function qa(y, X, Ga) and its

a

first and second partial derivatives with respect to Oa are continuous in Oa
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n
. N
for fixed (y, x). The Cesaro sums (1l/n) = qa(yt, X.s ©,) qB(yt, Xy 96)’

t=1

n n
(1/n) I % a, (v, %, ©,), and (1/n) I (®/8 0,,) a,(v,» X5 8))
converge almost surely uniformly in (ea, eB). The sums

n
(1/n) til su@alz[t (®/ 0, qa(yt, X5 Ga)l and

n

2

(1/n) til su@alz[t CHEG 0, 3 eja) qa(yt, Xy ea)] are bounded almost

surely (f{ =1, ..., K;i, =1, ..., pa;oz=l, cesy M). The p by p matrix

Mg Phg e Py

1

is nonsingular where the B are the elements of I~ and

hog = Lim_ _ [(1/n) Q. (0,)2] [(1/n)z'z]™% [ (1/n) Z'QB(G;)] .

Identification. The structural equation

*
qa(yt’ Xy ) = Cat

from a system satisfying the assumptions is said to be identified by the

instruments Zt if the only solution of the almost sure limit

n
lim |, (1/n) t§1 z) qa(yt, Xy 0,) =0

Note that since ®a has been previously constrained ‘o be compact

this is a local, not global, concept of identifiability. That is, @a is

essentially of the form {Ga: ||ea - (-);H < B}; if there is a point

. Po oo s sy s . * 1l
Ga in rR satisfying the test criterion it 1s ruled out if Hea - G)a]] > B.
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The bound B may be reduced, if necessary, so as to rule out all extraneous,
isolated solutions.

This definition is compatible with the instrumental variables approach
for linear systems (Theil, 1971, Sec. 9.4) and Fisher's (1966, Ch. 5) ap-
proach to systems linear in the parameters but nonlinear in the variables
because a system which is globally identified must be locally identified;
recall that a priori within-equation restrictions and a normalization rule
©_) Dby reparameterization.

t’ o
To illustrate, we examine the identification status of the second

have already been incorporated into qa(yf’ X

. * * *
equation of the example (a, = O, a; =1, b,

instrumental variables 1z, = (1, X, xi)'; The almost sure limit of

= 1) with respect to the

n
(l/n) z Z.'t Q2(yt’ xt) 92) iS

t=1
3 —agx %
1 c L e 1.5 b. - b
: 0 0
x=0
3 -a*x %
1.5 c L xe 3.5 bl - bl
x=0
*
3 -a._X
3.5 ¢ £ xte 3 9 b3—b§
'_ x=0 _ | |

vhere ¢ = (1/4) exp(Gll/Q - a;). The equation will be identified by the
instruments when the 3 by 3 matrix W2 in the limlt equations has full

* * .
rank--when &g # 0. Note that if a_, = 0 the equation will remain under-

3
identified even if more instruments are added; note also that the restric-
tion Zp = Xy customary in linear systems, would destroy identification.

This illustrates a point which should not be overlooked when considering

identification for systems linear in the parameters but nonlinear in the

variables:
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1
Wy X ) = B' (v %) ¥

%

(Recall that the normalization rule has been incorporated into qz(yt, Xi» qx).)
The K by Py + 1 almost sure limit matrix
. n
- . _ s [
W=[w & W] = lim , (1/n) t§1 z, B (yt, x,)

appearing in the equations for checking identification

)
L W, 6, = we(oa - 6,

*
will, in general, depend on all parameters ,(O s L) of the system. Thus,

one is at risk in asserting that W, has full rank without giving the matter

2
some thought; see, e.g., Fisher (1966, Ch. 5).

Except for the very simplest nonlinear models, it is all but impossible
to obtain the almost sure limits for checking identification. The best one
can do is to try not to overlook situations affecting identification which
can be spotted by inspection.

To illustrate, consider how one could deduce that ag = 0 destroys

identification in the example without computing the limit. If a§ =0

the structural equations are

* —
ap + fnypy = ey s

* * *
bO + bl ylt + y2t + b3 xt = e2t .

Observe from the first equation that [n Y1t is independently and identi-
cally distributed; hence, Y1t itself must be independently and identi-

cally distributed. If z[t is an instrumental variable which satisfies the
n

assumptions, it must follow that the almost sure limit of (1/n) Z Z0e Y1t
' t=1
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is [E(yl)] limn

—

n
o (1/n) tZl th; see Theorem 3 of Jennrich (1969). Conse-
quently, the first and second columns of

n
W2 = llmn_. © (l/n) t?.l Zt(l) ylt, xt)

must be proportional and W, cannot have full rank.z3

2
A trap has been set! A natural inclination would be to test the

*
hypothesis H: a3 = 0 for the system

ar + J¢ +a x, =e
o P AR Yy T B3 XL T Sy

»* *
% =
Py + by Vyg * Yoy * DX X = ey

using the nonlinear three stage least squares estimate 53 divided by its
estimated standard error. But, if the hypothesis is true, then identification in the
second equation is destroyed. Consequently, the assumptions used to obtain
the asymptotic null distribution of the test statistic are not satisfied.
The null hypothesis may, however, be tested using the nonlinear two stage
estimate for the first equation; see Amemiya (197h4).
In the case when the restrictions © = g(p) are imposed on the para-
meters of the system, the following additional assumptions are required.
Assumptions. (Continued) The function g(p) is a twice continously
differentiable mapping of a compact set E> into the parameter space
(:)= X§=l(:)a" There is only one point p* in j? which satisfies
g(p) = 6*, and p* is contained in an open sphere O which is, in turn,

*
contained in ED. The p by r matrix G(p ) has rank r.

5. Strong consistency and asymptotic normality

Two theorems establishing the strong consistency and asymptotic

normality of the estimator P are proved in this section; the strong
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consistency and asymptotic normality of © follow as corollaries to these
two theorems by taking g(p) to be the identity transformation. In order
to simplify the notation in this section, the function qa<9a) will be
written as 9y when it is evaluated at the true value of the parameter
8y = 9;. Similarly, we will write q, for Qa(QZ), q for q(e*),

Q for Q(Q*), and G for G(p*).

Theorem 2. If the assumptions listed in Section 4 are satisfied and
each equation in the system is identified, then p converges almost surely
to p*.

Proof. The matrix [i ® (1/n) Z'Z]-} converges almost surely to
e P)-l by the assumptions and Lemma A.4t. The term (1/n) q'(g(p)) (I ® 2)
converges almost surely uniformly in p 1in consequence of the assumptions
and Lemma A.1l. Thus, S[g(p)] converges almost surely uniformly in p
to, say, Slg(p)l.

Consider a sequence of points {Bn} minimizing S(g(p)) corres-
ponding to a realization of the error process {et]. Since _E? is compact
there is at least one limit point po and one subsequence {pn } such
that limm o = po. Excepting realizations corresponding tg an event

- ® 'n
m

E, which occurs with probability zero, S(g(p)) converges uniformly whence

0 < S(g(p”) = 1in  _ S(e(®, ) < lin_ , 5(6") =35(") .
m

But §(¢°) = lim  , [(1/n) @' (6") (x@z)]E@r)™ [(1/n) (I@2') )]
which equals zero by Lemma A,3--excepting realizations in E. Consequently,
excepting realizations in E, it follows that E(g(po)) = 0 which implies
lim (l/nm) (Ir®2z') q(g(po)) = 0 because (& ® P) is positive definite.

m— ©

The assumption that every equation in the system is identified implies that
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g(po) -0 which, by assumption, implies po = p*. Thus, excepting
realizations in E, {Bn} has only one limit point which is p*. I]

Corollary. If the assumptions listed in Section 4 are satisfied
and each equation in the system is identified, then ° converges almost
surely to O*.

Theorem 3. If the assumptions listed in Section U are satisfied
and each equation in the system is identified,then ‘Vﬁ (b - p*) converges
in distribution to an r-variate normal with mean vector zero and variance-
)-1

covariance matrix (G'QG) ~. The matrix

G'96) = (1/n) &' () Q' (é(a)) 10z) Eezz)™t (1e2') Q(g(®)) a(®)

converges almost surely to G'QG.
Proof. Define p =9 if P isin O and p =p if P 1is not
in 0. Set 6 = g(p). Since A/m (b - P) converges almost surely to zero
by Theorem 2, it will suffice to prove the théorem for p.
The first order Taylor's expansion of q(é) may be written as
q(é) =q+ Qa(p - p*) + H(} - p*) where H is the nM by r matrix
H = (Hi, Hys weey H&)'; the 42 row of the n by r submatrix H, is
(1/2) (b - p*)' vi qa(yt, X, ga(a)) where p varies with t and p and
lies on the line segment joining o to p*. A typical element of (1/n) Z'H,

. * .
is a finite sum of products composed of the terms (pi - pi), the first and

second partial derivatives of gia(p) evaluated at

n
p =p, (1/n) til th (B/nga) qa(yt, X, ga(p)), and
n
(1/n) = zxt(ae/aeiaaeja) qa(yt, X, ga(E)). As a direct consequence of

t=1
the almost sure bounds imposed on these latter terms by assumption and the
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almost sure convergence of p to p*, it follows that (l/n) (I®7Z2')H
converges almost surely to the zero matrix.
The vector P minimizes S(g(p)) whence
(Wi/2) v 36) = (1/4B) &' (3) @ (@) (1@z) E®za)™ (x®z) afe)
converges almost surely to the zero vector. By substituting the Taylor's

expansion of q(é) in this expression, the right-hand side pecomes
(1/43) 6'(3) B(8) U + ¢'(3) B(6) ((1/n) (I ®2') QG+ (1/n) (I® 2 )HINE (6 - o)

where B and U are defined in Lemmas A.2 and A.3, respectively. In conse-
quence of the almost sure convergence of o to p*, the continuity of
g(p) and G(p), Lemma A.2, and Lemma A.3 the first term, (1/4/n) G' (%) B(é) U,
converges in distribution to an r-variate normal with mean vector zero and
variance-covariance matrix G'B (£ ® P) B'G = G'QG. Similarly, the matrix
premultiplying Am (§ - p*) in the second term converges almost surely to
the nonsingular matrix G'QG in consequence of the (trivial) almost sure
convergence of p* to p*, Lemma A.2, and our previous remarks concerning
(1/n) (I ® 2')H. It follows, by Slutzky's theorem, that /\/’ﬁ (p - p*) con~
verges in distribution to the r-variate normal with mean vector zero and
variance-covariance matrix (G'QG)"l (G'aG) (G'QG)-1 = (G'QG)-l.

The second conclusion»of the theorem is a direct consequence of
Theorem 2 and Lemma A.Z2. Il

Corollary. If the assumptions listed in Section 4 are satisfied

~ *
and each equation in the system is identified, then 4/5 (6 - ) converges

in distribution to a p-variate normal distribution with mean vector zero

and variance-covariance matrix Q-l. The matrix
a=(/m) Q@) (162) Eo22)" (1e2') Q@)

converges almost surely to Q.



6. Asymptotic relative efficiency

W\——‘"\N

The asymptotic variance-covariance matrix of the nonlinear two stage

least squares estimator is A—l'T A_l given by Lemma A.4. The three stage
nonlinear least squares estimator is more efficient than the nonlinear two
stage least squares estimator in the sense that the difference between their
asymptotic variance-covariance matrices D = pteatoot isa positive
semi-definite matrix,

To see that this is so, let X = (I ® z(z'z)'lz')Q and V=2QTI.

It can be verified by straightforward matrix algebra that
D=1lim _n [x™x vxeex)™ - @ v,

Viewing this expression in the context of the regression equations
y =X +u where C(u, u') =V, the implication of Aitken's theorem
is that the matrix in brackets is positive semi-definite. As a consequence,

D is positive semi-definite.



Lsee Eisenpress and Greenstadt (1966, Sec. 6).

2Berndt, Hall, Hall, and Hausman (1974) consider the computations
for this estimator and recommend a method which is, in essence, a modified
Gauss-Newton algorithm. Here, we discuss the practical aspects of using
existing first derivative nonlinear regression programs for the computa-
tions, which, of course, includes this method. Jorgenson and Laffont (1974)
consider some asymptotic properties of this estimator assuming the existence
of an explicitly defined reduced form.

3See, e.g., Jennrich (1969), Malinvaud (1970), Amemiya (197k4), and
Gallant (1975a).

The example used throughout is linear in the parameters but non-
linear in the variables. Such models have received considerable attention,

see Goldfeld and Quandt (1972, Ch. 8) and their references.

5Since the model remains in implicit form, transformations
¢[qa(yt, Xy Qa)] = ¢(eat) may be employed, in applications, to make the

residuals more nearly normally distributed. One would expect that such

transformations, by improving the rate at which (1/4/) U of Lemma A.3
approaches the normal, would improve the rate at which the nonlinear two
and. three stage least squares estimators approach the normal.

6There may be several functions Y such that Yy = Y(xt, et); e.g.,

* * *
put 8, = a, = b2 = 1 1in the example. The situation 1s analogous to the

*
regression yi =X, e + e, adequate for estimating © but inadequate for

predicting Ve without additional information.

7In the case of linear restrictions Té 0 = t2, choose Tl so that

1

H
]
¢ 3

. is nonsingular and let W = [W, . Wé] be the inverse of T.
2
The transformation is g(p) = Wl o+ w2 t2 and G(p) = Wl'

8The conclusion that the second equation is not identified may,
alternatively, be deduced by applying Theorem 5.4.3 of Fisher (1966, Ch. 5).



Appendix

The foilowing lemmas are variations on known results which are
enumerated here in the notation of this article for ease of reference in
the proofs. The conclusion of Lemma A.l follows as a direct consequence
of uniform convergence; Lemma A.2 follows immediately from Lemma A.lj
and Lemma A.3 is proved by applying Theorem 3 and Corollary 1l of Jennrich
(1969). The proof of Lemma A.4 is entirely analogous to the proof of
Theorems 2 and 3 with the identity transformation replacing g(p) and I

~

replacing i; the strong consistency of (ﬂJB follows directly from
TLemma A.l. See Amemiya (1974) for similar results.

Lemma A.l. For each fixed v 1let f(v, A) Dbe a continuous function
defined on the compact set A. Let (1/n) tgl f(vt, A) converge to T(M)

- *
uniformly in ). If Xn converges almost surely to A in A, then

n
- — %
(1/m) Z f(vt, Xn) converges almost surely to (A ).

t=1
Lemma A.2. Let the assumptions of Section 4 hold, let Gg and Ggo

converge almost surely to G*, and let the elements of Z converge almost

surely to the elements of Z. Then
0y _ 0 - - |
B(On) = [@/n) Q' (gn) (1ez)] £®(1/n) 2'7]

converges almost surely to, say, B and (1/n) B(Gg) (1 ®7') Q(ng) con-
verges almost surely to Q. Note, in addition, that Q = B (Z ® P)B'.
Lemma A.3. Let the assumptions of Section 4 hold and let
% n
U=(I®2)q6)= 2 e ®z .
t=1
Then (l/n) U converges almost surely to the zero vector and (l//VE) U

converges in distribution to a normal with mean vector zero and variance-

covariance matrix £ ® P.



Lemma A.4. ILet the assumptions of Section 4 hold. Combine the
two stage least squares estimators into the p by 1 vector
0 = (Qi, 84y +ees Gﬁ)'. If every equation inthe system is identified
then: © converges almost surely to 9*, &aﬁs converges almost surely

- *
to kaﬁ (@, p=1,2, «o., M), and 47 (6 - 6 ) converges in distribu-

tion to a normal with mean vector zero and variance-covariance matrix
A-l 7 A1 vwhere A = dia (A A ) and
= diag {Ayy, Agps wevs Ay

-

%1181 T1oM0 e Tivtin

—

T=109x45 Toohnn “ee Tonfon
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