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Abstract

The article discusses the asymptotic theory of method moments estimators
for nonlinear models. The Hartley-Booker estimator, scale invariant M-
estimators, two- and three-stage least squares estimators are examples. The
null and non-null distributions of two companion test statistics are found.
This theory is a comvenient general purpose tool and may be used to find the
asymptotic distributions of other estimators such as nonlinear least-squares,
seemingly unrelated regressions, and the normal maximum likelihood estimator

for multivariate nonlinear regression under non-normal errors.
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The Hartley-Booker (1965) estimator is, to our best knowledge, the
first use of the method of moments per se in nonlinear statistical models.

Their method was proposed for the univariate response nonlinear model
*
vy = £lx,07) * e

where e* is an unknown p-vector. The space X of possible values for the

sequence {xt} is divided into p disjoint sets Ii . The moment equations

;xtexiyt = zxtexif(xt’e) i=1,2,00., D

are computed and solved to obtain an estimator 8. They used it as the first

step of a scoring method but we consider it as an estimator in its own right.

From our point of view, a handier notation results by letting

Zt = ei if Xt €

X.
i
where e is the i-th elementary p-vector. The moment equations are now

wrltten as

mn(e) = (l/ﬂ) £=l Ztl:yt = f(Xt:e)] *

The Hartley-Booker estimator is, then, the solution of mn(e) = 0.
A problem with this approach 1s that the egquations mn(e) = O'may not

have a solution. This problem is eliminated by defining é to be the meximum of
s_(8) = -3 m’(8) m(9)
n : n n

That is, redefine the estimator as the solution of an optimization problem
whose first order conditions imply mn(e) = O when the moment equations can
be solved.

This formulation of the Hartley-Booker estimator eliminates the need to

restrict the number of disjoint subsets of X to exactly p. The vectors Zt



of the moment equations

mn(e) = (l/n) 2:___.1 z't[y't - f(Xt:G)]

may have length greater than p. But in this case, one can argue by analogy

to generalized least squares that an optimization problem with cbjective

function

5,(8) = -k m((0) [(1/n) 12217 m ()

will yield more efficient estimators. One notes that this is the optimization
problem which defines the two-stage nonlinear least-squares estimator
(Amemiya, 1974). Only the restriction that z, be chosen according as x_ e X,
or not prevents the modified Hartley-Booker estimator from being properly
considered a two-stage nonlinear least-squares estimator.

These remarks motivate a general definition of the method of moments

estimator. To permit consideration of iteratively rescaled estimators such

as three-stage nonlinear least squares, both the moment equations
n ~

m (\) = (1/n) 5 _; mly %7, > \)
and the objective function

s,(\) = dlm_(3),7,]
of the optimization problem are permitted to depend on a random variable
%n via the argument t in m(y,x,T,A\) and in the distance function alm,r] .

In this article, the asymptotic distribution of an estimator defined as

that Xn which maximizes sn(X) is found for data generated according to the

multivariate nonlinear model

o]
a(yy>xysv,) = e

We find that this theory is an exceptionally convenient method for finding the .



asymptotic distribution of estimators which would not ordinarily be thought
of as method of moments estimators such as least squares. Several examples
are included: scale invariant M-estimates, nonlinear least-squares, seemingly
unrelated nonlinear regressions, maximum likelihood for multivariate non;inear
regression, two-stage nonlinear least-squares, three-stage nonlinear least-
squares.

Two test statistics for the hypothesis

H: h(\) = O against A: h()\) # O

are provided together with their null and non-null asymptotic distributions.
The first requires the unconstrained optimum of sn(x) and the other the
optimum subject to the constraint h(\) = 0. In applications it often happens
that either the constrained or unconstrained estimator is much easier to
compute than the other. Thus, one or the other of these statistics will be

the more convenient to use.



2. PRELIMINARIES

The M-variate responses Vi are generated according %o
aly, x,o¥5) = e t=1,2, ..., n

with x, ¢ X, ¥ e Y, e, e, and y; e " . The sequence {yt} is actually
doubly indexed as {y, } due to the drift of y; with n; the sequences {et}
and {xt} are singly indexed and the analysis is conditional on {xt} throughout.

Assumption 1. The errors are independently and identically distributed

with common distribution P(e) .

Obviously, for the model to make sense, some measure of central tendency
of P(e) ought to be zerc but no formal use is made of such an assumption. If
P(e) is indexed by parameters, they cannot drift with sample size as may y; .

The models envisaged here are supposed to describe the behavior of a

physical, biological, economic, or social gystem. If so, to each value of

(e,x,y°) there should correspond one and only one outcome y . This condition
and continuity are imposed.

Assumption 2. For each (x,y) ¢ X X I" the equation q(y,x,y) = e defines

a one-to-one mapping of &€ onto Y denoted as Y(e,x,y) . Moreover, Y(e,x,y) is
continuous on € X X X I' .

It should be emphasized that it 1s not necessary to have a closed form
expression for Y(e,x,y), or even to be able to compute it using numerical
methods, in order to use the statistical methods set forth here.

Repeatedly, in the sequel, the uniform limit of a Cesaro sum such as
(l/n)I@;lf(yt,xt,y) is required. In the nonlinear regression literature much
attention has been devoted to finding conditions which insure this behavior

yet are plausible and can be easily recognized as obtaining or not cbtaining



bo)

in an application (Jennrich, 1969; Malinvaud, 1970a; Gallant, 1977; Gallant
and Holly, 1980). Details and examples may be found in these references;
we follow Gallant and Holly (1980).
Definition. (Gallant and Holly, 1980) A sequence {vt} of points from
a Borel set V¥ is said to be a Cesaro sum genera’cof with respect to a probability

measure v defined on the Borel subsets of U and a dominating function b(v)

with j‘b dv < o if

pim_(1/n) g, £(v,) = [2(v) av(v)

for every real valued, continuous function f with |£(v)]| =b(v) .

Assumption 3. (Gallant and Holly, 1980) Almost every realization of

(et ,xt) is a Cesaro sum generator with respect to the product

{v,} with Vi

measure v(A)

j‘ I IA(e,x) dP(e) du(x) and a dominating function b(e,x) . The
sequence {X-;;} isxagcesaro sum generator with respect to p and b(x) = J' b(e,x)dP(e) .
For each x ¢ X there is a neighborhood N_ such that ‘fasupN b(e,x) dP(EE;I <@,

Theorem 1. (Gallant and Holly, 1980) Let As,sumptioni;c 1 through 3 hold. Let
(y,x,p) be continuous on Y X X % K where K is compact. Let |£(y,x,p)|=p[a(y,x,v),x]
for all (y,x) e Y XX and all (p,y) in K X A where A is compact. Then both
(1/n) Zi;lf(yt,xt,p) and (1/n) Z€=1I6f[Y(e’Xt’Y)’Xt’p] dP(e) converge uniformly
to

fxfef[Y(eaan )>x,p] dP(e) du(x)

*
except on the event E with P (E) = O given by Assumption 3.

In typical applications, a density p(e) and a Jacobian

I(y,x,x°) = (3/3y Naly,xn°)

are available. With these in hand, the conditional density

p(ylx,v°) = |det I(y,x,v°) | Haly,x,v°)]



may be used for computing limits since

[ ] fx(e,xy°),x,y] aP(e) au(x) = [ [ £(y,x,v) p(y|x,v°) ay du(x) .
x'e Ty

The choice of integration formulag 1s dictated by convenience.




3. ASYMPTOTIC PROPERTIES

The assumptions are somewhat abstract due to the scope of applications
envisaged.  As a counterbalance, an example is carried throughout this section.
The best choice of an example seems to be a robust, scale-invariant, M-
estimator for the univariate moéel

= °Y +
vy = Flxsvy) +oey

due to both its intrinsic interest and freedom from tedious notational details.
The error distribution P(e) for the example is assumed to be symmetric

with [ |e|dP(e) finite and | ¢?aP(e) > 0. The reduced form is
e e
Y(e,x,y) = £(x,y) + e .

Proposal 2 of Huber (196L) leads to the moment equations

¥{ly,- £(x,,8)1/0} (3/28) £(x,,6)

() = (1/n)s,
m /n ‘=1 Yz{cyt_ f(xt,e)]/G} - B

with A = (§,0). For specifity let
¥(u) = 3 tamh (uv/2) ,
a3 bounded odd function with bounded even derivative and let
2
B=[1¥(e) adle) .

There is no previous estimator ;n with this example so the argument r of

‘m(y,x,T,X) is suppressed to obtain

¥{ly - £(x,0)1/0}(3/%0) £(x,8)

m(y,XJx) = P
v {ly - £(x,0)1/0} - 8



The distance function is

d(m) = -3m'm , .

again suppressing the argument r , whence the estimator 'Xn is defined as

that value of A which maximizes
sp(\) = - (M) m (M) .
Notation
mn()\) = (l/n) ZEE;lm(yt’Xt’Tn’)")

m(y,T,A) = jxfem[Y(e,X,v),x,T,k] dP(e) du(x)
3, (0) = dlm (1),%]
-S-(’Ya"l's)\) = dEEl('YaTak)a‘T]

The identification condition is

*
Assumption 4. The sequence y‘;’l converges to a point v . The sequence

T, converges almost surely to a point +* and A/r—l(?}n - %) is bounded in probability.

There is an association of \ toy , denoted as A\ = g(y) , which satisfies

ﬂ[Y:T*:g('Y)] =0.

‘ o _ o) . [} * - * * .
The sequence \) = g(Yn) has zmwﬁ(kn - N ) =6 where \" = g(y") and & is
*

finite. The constraint h()\) = O is satisfied at A .

For the example, let o solve J‘ Yz(e/c) dP(e) = 8, a solution exists

£
since G(g) = 1- I ¥(e/g) dP(e) is a continuous distribution function if P(e)
€

does not put all its mass at zero. Define g(y) = (y,g‘*) . Then
J‘ m e + f(X:Y)9X3 (Y:O'*)] dP(e)
£

I& ¥(e/g") dP(e) (3/3m) £(x,y)

jewz(e/c*) ap(e) - 8

(o) -



As the integral is zero for every x , integration over X with respect to u

must yield

nly,g(3)] = (2)

as required by Assumption 4.

Notation

S = I I MEY(E,X,'Y*>,X,T*,)\.*] m'[Y(eQXQV*)’XQT*’K*] dP(e) dp.(x)
L e

M= J*Ij&(a/ax')mty(e,x,y*),x,T*,x*J aP(e) du(x)
D= (3°/amem’) a(0,7%)

8,(\) = (1/n)g_m(yysx,T 0) m/ (v %, 50
M (A) = (1/n)z£=i(a7ax’)m(yt,xt,?rn,x)

D (A) = (3%/amdm’) a[m (A), %]

d=M'DSDM
g=-M"DM

3, (A) =M (A) D (\) 8, (A) D () M (N)
Fo(A) = M (M) D (A) M (N)

H= (3/3\") h(}")

H(A) = (3/377) n(A\)

For the example, direct computation yields



[ ¥?(e/d") ar(e) F'F 0
e

S =
0 | jali‘ife(e/c*) - 8T ap(e)
" -(1/0*)j’8w'(e/c*) dP(e) F'F 0
0 | '2(1/0*)2 er(e/c*)Y'(e/c*) e dP(e)
D= -I
where
F'F

= [ (/o0) £lx,0) (3/28") £(x,0) aw(®)|
X emy

This computation exploits the fact that ¥(e/d ), e are odd and ¥’(e/d¥) , Yz(e/c*)
are even. If P(e) does not put all its mass at zero and F'F is non-singular
then S, M, and D have full rank by inspection.

* %
Assumption 5. There are bounded, open spheres I'y T, A containing vy , 7, k*

for which the elements of m(y,x,7,\), (3/3h;) m(y,x,7,7), (Bz/akiakj) m(y,X,T,\)
are continuous and deminated by b{q(y,x,v),x] on Y XL x T x A X T ; ble,x) is
that of Assumption 3 and the overbar indicates closure of a set. The distance
function d(m,t) and derivatives (3/om) d(m,=), (ag/am dm’) d(m,r) are continuous
on & X T where & is some open sphere containing the zero vector. The constraining
function n()\) and its derivative H(\) are continuous on A . The matrix D is
negative definite,'(a/am) d(0,7) = O for all v, and M, H have full rank.

To illustrate the construction of b(e,x), consider for the example

ey Gzl = [¥{ly - £(x,0)1/a}|-[|(3/28) £(x,8)|
< [[(3/38) £(x,0)|
because |¥(u)| = ‘% tanh (u/2)| < 2 . What is required then is that




Ll

supen(a/ae) £(x,8)|| be integrable with respect to p . Or, since A is compact,
(3/38) f£(x,8) continuous in (x,s) and X compact would bound ||(3/38)f(x,8)| in
which case bi(e,x) = const. One accumulates bi(e,x) in this fashion to satisfy
the assumptions. Then b(e,x) of Assumption 3 is b(e,x) = Z'bi(e,x) . Because
¥(u) and its derivatives are bounded, this construction of b(e,x) is not very
interesting. More interesting, and detailed, constructions are given in

Gallant and Holly (1980).

Theorem 2. (Consistency) Let Assumptions 1 through 5 hold. There is a
~ I *
sequence {xn} such that for almost every realization of {et}’zimnamxn = \ and
there is an N such that (3/3)) sn(in) = 0 for n >N. Similarly, there is a

o~ . ‘s ~ . e
sequence kn and associated Lagrange multipliers en such that zlmnewkn =\

and (3/aMs (%) + ¥/n(X)1=0, b(X) =0 forn>N.

Proof: The result will be proved for ﬁg . Fix a sequence {et} * E, this
fixes ;n'

(3/a0y) 5, (M) = 5 (3/om)) dlm (M),%, 1(3/ah)m_(A)

2 2 ~
(3°/a03%,) s, (M) = 5,5,(3%/om 2mg) alm (W), 7, 2(3/aN; Im ) (M) (3/0hy dmg, (M)
+ 5 (3/am ) )alm (1),5,1(3%/h 20 Jm (V)

The assumptlons suffice for an application of Theorem 1 and the conclusion that
mn(k), (B/Bki) mn(k), and (ag/axiaxj)mn(h) converge uniformly on A to

-, ¥ % -, ® % 2 -, % ¥ . .
my 57 50) 5 (3/ohImly ,7750) 5 and (37/0M;3A )m(y",750) 5 the domination
required to apply Theorem 1 permits the interchange of differentiation and
integration as needed. Since ﬁ(y*,T*, X*) = 0, one can shrink the radius of

A to A’ so that mn(l) e 6 for all A ¢ A’ and n suitably large whence sn(X) R
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(a/ax)sn(x) and (ae/axax')sn(x) converge ﬁniformly on A to -s(y*,q-*,X) s

(3/3%) 5(\/*,'\‘*,)») , and (62/87\61,') g(y*,'r*,)\) respectively. As
* % %

(3/2m) dL0,7¥] = 0 and (32/amdm’) A[0,7 ] is negative definite, (3/oM)5(y 57 5N )=0

and (BE/BXBX')E(Y*,T*,}\*) is negative definite. Thus, one may shrink the radius
of A’ to A" so that §(y*,'r*,)\) has a unique maximum at A = X* on A"

Let N maximize s ()) subject to h(A) = O and A ¢ A" . Now b(X*) = 0
and sn()\) converges uniformly to E(y*,fr*,)\) on A" so that for large n the
solution X{-cannot lie on the boundary of A’ . The existence of the Lagrange
multipliers and satisfaction of the first érder conditions follows.

As A" is compact, ’Xn has at least one limit point ):; let ’Xn converge to
’ m

A . Then, by uniform convergence,

-, ¥ K o . -~ n
S('Y 5T 9)\-) = zmn_msn ('Y;?l 5 ‘Tn ’ }\-n )
Tm m m m

~ *
= 41 °©
'e’lmn—)oosn (Vn > Ty 2 )
m m m

- % ¥ %
S(Y s T 5 A ) .

* . . - * * 17 > *
But A is the unique maximum of s(y , T, A) on A” whence A= X . [|

One may note that the domination in Assumption 5 suffices for several

interchanges of integration and differentiation. One consequence is that

M= (a/a)\l) El('\(*:'r*a)!*)
- % %X
whence, since m(y ,r ;A ) = O and (3/3m)d(0,7) = 0,
g = _(az/axax')g(y*,w*,x*) .

Assumption 6. The elements of m(y,x,T,A\) m'(y,x,7,A) and (3/3)m(y,x,T,7)

are continuous and dominated by b[q(y,x,y)»x] on Y x XL X T x A X T'; b(e,x) is

that of Assumption 3. The elements of (g/aq-am')d(m,'r) are cofttinuous on @ X T

where 6 is some open sphere containing the zero vector .
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jem[Y(e,x,v;),x,f*,x;J ap(e) = 0

Ixfa(a/aT')mEY(e:X:V*),X:T*:X*] ar(e) du(x) = 0

The first integral condition is central to our results and is apparently
an intrinsic property of reasonable estimation ﬁrocedures. It was verified
for the example as an intermediate step in the verification of Assumption 4.

The second integral condition is sometimes encountered in the theory of
meximum likelihood estimation; see Durbin (1970) for a detailed discussion.

It validates the application of maximum likelihood theory to a subset of the
parameters when the remainder are treated as 1If known in the derivations but
are subsequently estimated. The assumption plays the same role here. It can
be avoided in maximum likelihood estimation at a cost of additional complexity
in the results; see Gallant and Holly (1980) for details. It can probably be
avoided here but there is no reason to further complicate the results in view
of the intended applications. For the example, there is no dependence on ¢
hence nothing to verify. Had an iteritively rescaled estimator been considered,
n(y,x,t,A) = ¥{{y - f(x,e)]/q-}(a/ag)f(x»,e) with :"n supplied by a previous fit,
the condition would have been satisfied as the off-diagonal corner of our
previously computed M is zero fér any c*..

Theorem 3. (Asymptotic Normality of the Moments) Under Assumptions 1
through 6

JEm_(32) £ w(0,8)
VB m () T w( 6, 8)

S may be singular.

Proof. Given £ with HZH = 1 consider the triangular array of random

varisbles



Lek

*
Zin = L’m[Y(et,Xt,y;),xt,T ,l;] t=1, ...,n3n=1,2, «.. . .

Each Z, has mean, I Ztn(e) dP(e) , zero by assumption and variance
2 ' ] o * .o ’ ) * .o
U.tn =4 femEY(etha‘Yn) ’X‘t’T :)\h] m [Y(e’xt:'Yn) ’Xt’T ,Xn] dP(e):@ .

*
By Theorem 1 and the assumption that zimn_w(y;’l,}\;) = ('y*,)\, } it follows that

- 4
lmmm(l/n)vn 4’S 4 where

_ 2
vn-zn

t=1%n
. . . / _ n
Now (l/n)VI1 is the variance of (l/A/ﬁ)zi;thn and if £84 = O then (l/"/ﬁ)zt=lztn
converges in distribution to N(0,4584) by Chebyshev's inequality.
Suppose, then, that 284 > 0. If it is shown that for every &0

L4im B = O where

=0 1
- @l 3 (7, (e)1Z5_(e) aP(e) PN

|2]>e¥ ]

then .%imn_m(n/vn)Bn = 0. This is the Lindberg-Feller condition (Chung, 197h4);
it implies that (l/“/a)icl:lztn converges in distribution to N(0,£5%)

. - *
Let N> 0 and ¢ > O be given. Choose a > O such that B(y*,A" ) < /2 where

B('Y :)\ ) If I U'mEY(east*),X,'r*,k*B
X € [ Z >ea]

* * L Koa2
X {4m{Y(e,xy )sx,1 LN 137 dP(e) du(x)
"
This is possible because B(y ,}\*) exists when a = 0. Choose a continuous
function ¢(z) and an N, such that, for alln >N, ,

Scp(z)< I

I (z) <I (z)
[|z|>eﬁn] []z|>ea)

and set




Lo
B (v,\) = (l/n)Zfé:lj‘acp{ﬂ'mEY(eax,y),Xt,w*,X]}
X {f:lm[Y(e,X,y),X_t,T*,)\]]ZdP(e) .

- - ~
By Theorem 1, 'ﬁ‘n(y,)\) converges uniformly on ' X A to, say, B(y,A) . By
assumption £im (y‘r’l,k‘r’l) = (y s\ ) whence £im Bn(y‘;,)\‘r’l) = B(y ,A ) . Then
* _
there is an N, such that, for all n >N, , gn(y;,)\;) <§'(y*,x ) + n/2 . But,

for all n > N = max{l\Tl, 2}’Bn < %Jn(y;,kcr’l) whence
* % _ %
B, < ‘B‘n(y;,x;) <BH T AN)+n/2sBy L)+ nfesn .

Now 'i-n is tail equivalent to a sequence contained in T. Thus, without

logs of generality ;n may be taken to be in T and Taylor's theorem applied to

ocbtain
(WWB)E_ 2, = (/W8 S qm(yysx, T, 500)
+ 0(1/n) (3/ar ' T my, %700 ) WAGT - 1)
~ =185 Fg oMy n~ T
where “;n- T*\\ < “;n - q-*H . By Theorem 1, the almost sure convergence of '«i-n s

and Assumption 6, the vector multiplying “/E(;n - 'T*) converges almost surely to
zero. This and the assumed probabil.ty bound on ﬁ(;n - %) imply that the
last term converges in probability to zero whence
(LR 'S m(y %, ,7,00) S W(0,4'84) . This holds for every £ with [|a] = 1
whence the first result obtains.

The sequence (Y;’x;’:}n’in) converges almost surely to ('\(*,)\,*,'r*,}\,*) . It
is then tail equivalent to a sequence with values in ' X A X T X A . Without
loss of generality let (y;,)\,;l,?n,;\n) e ' XAXTXA. By Ta.ylor’s theorem

and Theorem 1,

JBm () = W m () + (M 0 (1)) JE(- A2
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*
which establishes the second result as Jn()\ - )";1) - - § by assumption. [J

Theorem 4. Let Assumptions 1 through 6 hold. Then ‘
JE(a/ak)sn(x*)JS» N(Z 5, 3) ,
JG -\ ws, g7 gh

Jn(in) converges almost surely to J and gn(in) converges almost surely to J .
CEECIAE * % ¥ ¥
Proof: By the almost sure convergence of (yn,)\n,Tn,)\.n) to (y LN 57T 5\ )s

tail equivalence, Taylor's theorem, and Theorem 1
Ja(a/aM)s (W) = JE(3/aM)m) (X)) (3/am)alm_ (A¥) 7, ]
= JaM + oS(l)]’{(a/am)d(O,;n) + [-D + Os(l)] mn()\*)}

= M+ 0 (1)1[-D+ o ()] Am (X) .

The first result follows from Theorem 3.

By the same type of argument

VR(3/3M)s, (X)) = JB(3/3N)s () + [ 9+ o (WIRR, - 2) .

By Theorem 2

o (1) + [ ¢+ o (1)1 va(k, - \')

and the second result follows from the first.
By Theorem 1 and the almost sure convergence of (y;’l,}\;’l,?rn,in) to
* % % _* ~ - ’ ~
(y sA s ,N ) it follows that [sn(xn), Mn(xn), Dn(xn)] — (8, M, D) whence
(s, (30, 2,301~ (3, @) - T

To obtain results for estimation one holds y‘;l fixed at y* . Then for

thé example




&7

by -y o\ [(MPelue/d) @m0
I [e¥’(e/d*) ]2
E =y /o1 (") e[vP(e/d") - 37
5 - & 0 0 b [ee¥(e/o)ee/c*)T

The variance formula
- -l - -
27Ls 97t = D M) t'p s D M) (D M)t

is the same as that which would result if the generalized least squares estimator
8= DM Dy

were employed for the linear model

y=MB+ e, e~ (0,3) .

Thus, the greatest efficiency for given moment equations results when D = S"l .
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4. EXAMPIES

Scale Invariant M-Estimators

Recent literature:

Ruskin (1978)
Model:
*
e is distributed symmetrically about zero

Moment equations:
¥{ly,, - £(x,8)1/0) (3/38) £(x,.6)

mn(}&) = (l/n) 21;1:1
¥ily, - £(x,,8))/a) - 8

A= (¢0)

¥(u) is an odd function, 0< @ < 1.

Distance function:

a(m) = -3m'm

Asymptotic distribution parameters:

[ ¥3(e/c") ar(e) F'F | 0
s=|°¢ .
o §8[v2<e/c*) - 87 ap(e)
_(1/5*)j ¥/(e/q") aP(e) F'F o)
€
M=
0 -2(1/g*)2j ¥(e/d" )¥(e/a")e aP(e)
‘e
D= -I |

F'F = [ (3/00) £(x,68") (3/28") £(x,6") dau(x)

* X 2
g solves I ¥<(e/o) aP(e) = B
A




(o*)2 8Y2(e/o*)2 (F'F)'l 0
ey’ (e/a")]
e (a*)* erv?(e/s”) - 87
0

- UWfe e ‘f(e/c%,)‘i’'(e/c:*)]2
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Single Equation Nonlinear Least-Squares

Recent literature:

Jennrich (1969), Malinvaud (1970a), Gallant (1973, 1975a, 1975b)
.Model:
Vi = f(xt,e‘;l) toe,

e(e, ) =0, S(etz) = (G*)2

)
Moment equations:

E -f( ,)(Ba)f ,)
m (A) = (1/n)%_, V- £(xg50)1(2/38) £(x.0

[y‘t - f(Xt>9)]2 - 0'2
A= (9', 0.2)1

Distance function:

d(m) = -3m'm

Agymptotic distribution parameters:

T 'F e(e3)f
S -
8(e3)f’ -Var(ez)
-FF 0
M=
0 -1
D= I
P’ = [ (3/20) £(x,6")(3/28") £(x,8) du(x)
2= ] (/%) £(x,6") dp(x)
v = [FEn™ e(e?)(7'7) e PY
e(e)e'(F'F)"Y  var(e?)
Comment :

Under svmmetry &(e3) = O .



L

Maximum Likelihood for Multivariate Nonlinear Regression

Recent literature:
Malinvaud (1970b), Barnett (1976), Holly (1978)
Model:
y.t = f(xt)%) + e.t
8(ej) =0, (e, ,e/!) = 2*
t ? £°7%
Moment equations:

[(3/36") £(x,,8)1'E Ty, (x,,0)]
m () = (1/n)T_; __
o vee{ly, - £(x.,0)ly, - £(x;,0)1" - 5

A= (8", a’)’

¢’ = (Oll’ O1p> O35 +vvs Tyys Ty v c‘MM), upper triangle of T

vee(x) = Ao, A an szM(M+l)/2 matrix of zeroces and ones
Distance function:

d(m) = -3m'm

Asymptotic distribution parameters:

F'Z-% i"Z-l&[e vec’(ee?’)]
S = . .
8[_vec(ee')e']2flf Var[ vec(ee’)]
F'sE 0
M=
0 -a)
D=-I

s J LG/ £(x,61)1"(£5) 7 (3/26") £(x,67)] du(x)
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s7e = ()7 (a/007) £(x,67) au(x) ()
X

(F's i)™ @' s el e vee!(ee’) A(a%A)
V=
(a'a)"ta%el vec(ee e 5 e(F s F) ™ (a’A)"1A’Vax vec(ee’)Ja(a’a)"t

Comment:

Under normality €[ vec(ee’)e’] = 0, A'Var[vec(ee’)]A = o’ (g¥® oA .




Seemingly Unrelated Nonlinear Regressions

Recent literature:
Malinvaud (1970b), Gallant (1975c), Holly (1978)
Model:

vy = £(x,,8p) + e

*
,8(et) =0, 8(eteé =3

Moment equations:
n (A) = (/n)5h [ (3/28") £(x,,8)1" ¥y, - £(x,,0)]

T = (l/n)2§=l étéé ; ét are single equation residuals

A <)
Distance function:
d(m) = -3m’m

Asymptotic distribution parameters:

S

fl

M = jxt(a/ae’)f(x,e*)]’(z*)'lt(a/ae’) £(x,9 )] du(x)
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Two-Stage Nonlinear Least-Squares

Recent literature:

Amemiya (197L4), Gallant and Jorgenson (1979)
System:

o) =
Q.(y.tﬁxt3en ) e.t

¥
—— l —
8(et) = O ] C(et)et) - E
Equation of interest:
oY)
qa(yt’xtﬂe-a) = eat
e(e,) =0, Var(e ) =g

Moment equations:
z‘t q'o:(yt’xt’beol)
mn()\) = (l/n)Zil:l

2
9, (740%58,) - 9,

A= (GO:,GQQ)I |

z, = Z<Xt)’ 'z(x) continuous

t

Digtance function:
1,470 -1
d(m,r) = -m'(45 1) m

~ ]
JRNCTRE

Asymptotic distribution parameters:

c* 7'7 &(e3) Z
g o oo o
3 ’ 2
8(ea) z Var(ed)
Z'Q 0
M= ¢

¢’ -1



Z3
(z'z)"t 0
0 1
2'% = [ 2(x)z'(x) du(x)
X
= ) au(x)
z IIZ(X w(x
ZIQ'O( = IIIEZ(X)(B/BG&) anY(e,X:G;),X,Sa] dP(e) du(x) ‘e %

o

¢l = o Ixje e (3/20!) qa[Y(e,X,BZ),X,Qa] dP(e) au(x) |91=6*

At At ¢
-1 _ | Tow o
g =
C’A'l 1+ ¢/a™te
oY o
* a1 : * -1 3v.=l s son=1 A
oOlOl Ao:oz : oozo:Ao:otC - Eu’(eo:)Am:v Q‘o:Z (z2) z
V =
* 1=l LIV AR Ny -1 */-l+ 2
°&ac Aaa 8(ea)z (z'2)" "2 QaAda °dac Aaac Var(ea)

A =02(z'2) 2



P

Three-Stage Nonlinear Least-3quares

Recent literature:

Jorgenson and Laffont (1979), Gallant (1977), Amemiya (1977),

Gallant and Jorgenson (1979)

Model:

0y =
q(ytﬁx.t’en) - e.t
*
= 4 1
B(et) o, C(etet =
Moment equations:

m (A) = (1/n) Tp_; a(v,%,,0) ® 7,

A= 9

z, = Z(Xt) , z(x) continuous

Distance function:

a(m,r) = -%m'T-lm

(T® (l/n)zg=lztzé]

o
i

&= (l/n)zﬁ=l e ey 3 %t are two-stage least-squares residuals

Asymptotic distribution parameters:

S=% ®(z2'2) =50 sz(x) 2/ (x) dp(x)

M=Q®%z= jx(a/ae’) al¥(e,x,8'), x,8] ‘® z(x) dp(x) -
D= gt

v =

[Qez)(z) 7t e (z'2) @ez)]™




27

5. TESTS OF HYPOTHESES

Tests of the hypothesis

H: h(}°) = 0 against A: h(N°) £ 0

are considered here. A full rank assumption is imposed below which is not
strictly necessary. However, the less than full rank case appears to be of
no practical importance and a full rank assumption eliminates much clutter
from the theorems and proofs.
Notation:
%h maximizes sn(l)
?% maximizes sn(k) subject to h()\) = O
3 = eﬂn(xn)p ’3 = &n(xn)
§=9,0),7=29,&)
1

1

A=lAr A

Ve gy U= Y=Yy

H(A) = (3/307) n(\) (the Jaccbian of h of order r x p)

h=0(\"), A=n{k), %=n®)
2= 1)), fi= H(in), H=uR)

Assumption 7. The r-vector valued function h()\) defining the hypothesis

(3/a0")n(N) ;

H: h()°) = 0 is continuously differentiable with Jacobian H(})
H()\) has full rank at A\ = X* . The matrix V = ?-lJ 2_1 has full rank. The
statement "the null hypothesis is true" means that h(k;) = 0 for alln.
Theorem 5. Under Assumptions 1 through 7 the statistics
W=nn' () @) A )
R = o[ (3/30)s (R )1F TR EY AR Y ML (a/an)s (X))

converge in distribution to the non-central chi square distribution with r degrees



of freedom and noncentrality parameter o = §'H'(H V H')_lH6/2 . Under the
null hypothesis, the limiting distribution is the central chi square with r .
degrees of freedom.

Proof. (The statistic W) By Theorem 2 there is a sequence which is tail
equivalent to by n and takes its values in A . The remarks refer to the tail
equivalent sequence but a new notation is not introduced. Taylor's theorem

applies to this sequence whence
L (R) - b, (W] = (3/aM )0 (R WG - N) i=1,2, couyx

where HX:‘Ln - }\*H < H')‘\l - )\*H . By Theorem 2 'e'imrr-xonxin - )\*H = 0 almost surely
whence .%imn_m(a/al)hi(iin) = (B/a)\)hi(h*) almost surely. Now, in addition,
h()\*) = 0 so the Taylor's expansion may be written Ja h(Xn) = [H+ os(l)]/ﬁ(in- )

” *
Then by Theorem k4 ,\/r_lh(Xn) has the same asymptotic distribution as Hx/.ﬁ(}\n -N).
1

Now (B ¥ /)72 exists for n sufficiently large and cmverges almost surely to

i, A A A -+ s a *
(HV H’)"2 whence (HV H')2/&a n(}.) and (HEV H)28/k (A_- \ ) have the same
n . n

asymptotic distribution. But
g Ps *. &£ ) -
(HvE)™HA (A - V) > M@EVE) S, 1]

whence W converges in distribution to the non-central chi-square.

When the null hypothesis is true, it follows from Taylor's theorem that
_ o Fym _ 7 . o _ *
0= Aln (A2) - By (A")1 = [(3/3A")n; (A, )] VRO - A7)
Taking the limit as n tends to infinity this equation becomes
% .
0= (B/a}\')hi(}\ )6 whence H6 = O and o = O .

(The statistic H) By Theorem 2 there is a sequence which is tail equivalent
to 'Xn and takes its values in A . The remarks below refer to the tail egquivalent

sequence but a new notation is not introduced. By Taylor's theorem ‘
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(3/2h)s, (X)) = (3/an,)s (W) + [(3%/nan,)s (X, )1/ (R - \)

1 nn
hy (X)) = By, (V) + [ (3/o0 g (R 01K, - W)

where [|X, - X', IR, - Ni<IX -2l fori=1,2, ..., p

ij=1,2, «e., . By Theorem 2 there is for every realization of {et} an N
such that h(xn) = 0 for alln >N . Thus h(xn) = os(l/JE) and recall that
h(x*) = 0 . Then the continuity of H()\), the almost sure convergence of‘?%
to X* given by Theorem 2, and Theorem 1 permit these Taylor's expansions to

be rewritten as

(3/aM)s, (X)) = (3/30)s (") = [ + o (DI(R_ - A

[H+ o (L)X, - N = o (1/Wn) .

These equations may be reduced algebraicly to
(5 + o (1)L g + o (1)1 (@/a\)s, (X)) = [H+ o (1)Ig + o_(1)17(3/30)s_(N*)+ o_(1//E)

Then it follows from Theorem 4 that

[H+ os(l)j[g + os(l)]—;JE(a/ak)sn(Xn)éﬁ N(H &, HV H') .

The continuity of H()), Theorem 2, and Theorem 1 permit the conclusion that
~d -;-N -1 ~ AW _l
EYH)ZEY ARG/ R )= MEVE) S, 1)

whence R converges in distribution to the non-central chi-square.
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