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CHAPTER 4. Univariate Nonlinear Regression: Asymptotic Theory

In this chapter, the results of the previous chapter are specialized
to the case of a correctly specified univariate nonlinear regression model
estimated by least squares. Specialization is simply a matter of restating
Assumptions 1 through 7 of Chapter 3 in context. This done, the
asymptotic theory follows immediately. The characterizations used in
Chapter 1 are established using probability bounds that follow from the

asymptotic theory.



ho1-1

1. INTRODUCTION

Let us review some notation. The univariate nonlinear model is written

as

Ve = f(xt,9°) t ey t=1,2, ..., n

with 8 known to lie in some compact set ®* . The functional form of f(x,8)
is known, x is k-dimensional, 8 is p-dimensional, and the model is assumed to
be correctly specified. Following the conventions of Chapter 1, the model

can be written in a vector notation as
y=f(6°)+ e

with the Jacobian of £(8) written as F(8) = (3/38')f(8) . The parameter 8

~

is estimated by 8 that minimizes

s (8) = (1/n) lly - £ = (1/n)Z]_ [5- £(x,,8) 1 .

We are interested in testing the hypothesis
H: n(8°) = 0 against A: h(6°) + 0
which we assume can be given the equivalent representation

H: §° = g(¢°) for some o° against A: & # g(p) for any p

where h: Rp - RCl , g Rr - Rp ,and p=r+ q. The correspondence with the

notation of Chapter 3 is as follows.
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NOTATION 1
General (Chapter 3) Specific (Chapter L4)
- [e] - O
et - Q(ytsxt,"{n) e.t - y-t = f(xt,en>
*
vy e T B ed
y = Y(e:x:'\() y = f(x,e) + e
~ 2
S(ytaxta'rn:)\) Eyt - f(xtse)]
e A 8 ea”
~ 2
s,(\) = (l/n)2£=lS(yt,xt,Tn,k) s (8) = (1/n)5_qly, - £(x,,9)]

© (1) = (1/n>:§=lf8scy<e,xt,yg>,xt,T;,mme) ©(8) = F+ (1/m)_ [£(x,,8) - £(x,,a

S*()\)zf j SEY(G,X,Y*),X,T*,)\]G.P(G) du(X) S*(9)= 02""1\ [f(X,e*) 'f(X,q)]sz'(X)
L e X
Xn minimizes sn(x) A, minimizes sn(e)
?ﬁ minimizes Sn(X) @; = g(an) minimizes sn(e)
subject to h(\) = 0O subject to h(6) = 0

o PP fo) (o) P o

Ay minimizes sn(K) Gn minimizes sn(e)

* e e e o *_ o . e s o

A, minimizes sn(X) 8, = g(pn) minimizes sn(e)

O

subject to h(d) = subject to h(8) = O

* - - » * * 0 3 . *
A minimizes s (X) 8 minimizes s (9)
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2. REGUIARITY CONDITIONS

Application of the general theory to a correctly specified univariate
nonlinear regression is just a matter of restating Assumptions 1 through 7
of Chapter 3 in terms of the notation above. As the data is presumed to be
generated according to

7y = f(x,8) + ey t=1,2, ..., n

Assumptions 1 through 5 of Chapter 3 read as follows.

ASSUMPTION 1. The errors are independently and identically distributed

with common distribution P(e) . [J

* *
ASSUMPTTON 2'. f(x,8) is continuous on X X ® and ® is compact. 0

ASSUMPTION 3. (Gallant and Holly, 1980) Almost every realization of

{v¢}.with v, = (e+,xt) is a Cesaro sum generator with respect to the product

t

measure

v(a) = [ ] 1,(e,x) aP(e) au(x)
LE

and dcminating function b(e,x) . The sequence {xt} is a Cesaro sum generator
with resvect to p and b(x) = I b(e,x) dP(e) . For each x ¢ X there is a

neighborhood N, such that f sup ble,x) dP(e) <= . ]
) e x

ASSUMPTION 4. (Identification) The parameter §° is indexed ty n and

*
the seguence {G;} converges to A .
E - - * 2 .
s*(e) = 02 + | Le(x,8) - (x,8)1° dm(x)
X
* *
has a unique minimum over @ at 6 . [

* 2 . .
ASSUMPTION 5' @ is compact, [e + £(x,9°) - £(x,8)] is dominated by

v(e,x); ble,x) is that of Assumption 3. [
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The sample cbjective function is

s (6) = (1/n) lly - £(8)|1®
with expectation

2
©(a) = & + (1/n) |le(e2) - 2(8)]°.
By Lemma 1 of Chapter 3, both sn(g) and s;(e) have uniform, almost sure limit
* 2 *
s (8) = o + [ [£(x,8)) - £(x,8)7% au(x) .
X
Note that the true value GZ of the unknown parameter is also a minimizer of

s;(e) so that our use of 6; to denote them both is not ambiguous. We may

apply Theorem 3 of Chapter 3 and conclude that

¥*
. (=] -
24im en = e 3
4i A =8 almost 1
im A, = 8 almost surely.

Assumption 6 of Chapter 3 may be restated as follows.
* *
ASSUMPTION 6! ® contains a closed ball ® centered at 8 with finite,

nonzero radius such that
(a/‘oei)stY(e,X,e"),x,e] = -2Le + 2(x,8°) - £(x,8)1(3/28,) £(x,8)
(az/aeiaej)stz(e,x,m),x,e] = 2[(a/aei)f(x,e)][(a/aej)f(x,e)]
-2e+ £(x,8°) - f(x,e)J(az/aeiagj)f(x,e)
{(3/28;)sL¥(e,x,8° ) ,x,a13{(2/38)s( ¥ {e,%,6° ) ;x,0]]
= e+ 2(x,8) - £(x,8)1° [(3/28,)2(x,0) L (3/29,)2(x,2)]

are continuous and dominatedby b(e,x) on &€ X L X ®* X® fori, j=1,2,...,p.

Moreover,

9= 2 [ [(3/28)2(x,a") I (3/20)2(x,87)] dulx)
X

is nonsingular. {]

Define
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NOTATION 2
Q = J"I[(5/36)f(x,8*)1E(8/66)f(x,e*)]'du(x) ,
Q@ = (1/n) F'(€)) F(87) ,
q, = (1/n) F'(s) F(8) . 0

Direct computation according to Notations 2 and 3 of Chapter 3 yields

(Problem 1).

é* = Ug™ Q

*

g =29

*
u =20

2 qo

Jy = b

7o =29
U, = 0

35 = ugf Qz

gr= 2 - (2/o)nl [0(x,,8) - £lx,.0,)1(%/828" )2(x,,6))

* !
uy = (/m)el [20x,,60) - £(x,,a0) 170 (3/0R)2(x, ,8,) L (3/26) £(x,,8.)]
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Noting that
(3/38)s,(8) = (-2/)F" (o) e + (&) - £(8)]
we have from Theorem 4 of Chapter 3 that
(1) (82)e <> W(0,0° Q)
and from Theorem 5 that
B (B -8) m(0,0° Q™)
zimnam Q; =Q .
The Pitman drift assumption is restated as follows.
ASSUMPTION 7. (Pitman drift) The sequence G; is chosen such that

. o_*__: " *..
2im Jﬁ(en en) A. Moreover, h(8 ) = 0.

Noting that
(3/28)s3(8) = (-2/n)F'(a) [£(87) - £(a)]

we have from Theorem 6 that

4im £ =n* almost surely
e N
. * #*
Jl.lmn_)'m Gn = 6
. #*
Lim Q= Q

(L//B) F'(3) &S (0,07 @)
tin__ (L/4B) /(a0 2(83) - 2(8 )] = @A

Assumption 13 of Chapter 3 is restated as follows.
ASSUMPTICN 13. The function h(8) is a once continuously differentiable
mapping of ® into RY. Its Jacobian H(Aa) = (3/387)n(8) has full rank

(=g) at 8 =196 . J
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PROBLEMS

1. Use the derivatives given in Assumption 6 to compute J3(6) , F(8) ,

ﬁ(e) and 3(8) , 7(8), U(B) as defined in Notations 2 and 3 of Chapter 3.
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3. CHARACTERIZATIONS OF LEAST SQUARES ESTIMATORS AND TEST STATISTICS

The first of the characterizations appearing in Chapter 1 is
- 8° + (g° YT R (8° + k) .
b= 6+ [F/(62) F(&2)17F/(6)e o, (1/h)

It is derived using the same sort of arguments as used in the proof of

Theorem 5 of Chapter 3 so we shall be brief here; one can look at Theoreﬁ 5
for details. By Lemma 2 of Chapter 3 we may assume without loss of generality
that Gn and 6; are in ® and that (a/ae)sn(én) = op(l/JE) .  Recall that

Q; = Q + o(1l) whence ;;; g* + o(1) . By Taylor's theorem
Ja (3/38)s (82) = wn (3/3)s (8 ) + § Ja (8 -8)
- *
where 7 = g + os(l) . Then

(5" + o (TR (B -8) = - JB (3/28)s (&) + o (1)

which can be rewritten as
Foum (B -8) = - Vi (3/38)s (8) - g -7, + o (VI VA (B -82) + o (1) .

Now Eg* - g; + os(l)] = os(l) and /o (Gn..g;)iga N(O,c2CQ) which implies that
~ * ~

Jn (en-e;) = Op(l) whence [ -g; + oS(l)] o (en-e;) = op(l) . Thus we

have that

A oY _ - (o)
Fo B (B -8) = VB (3/20)s,(8) + o (1) .
There is an N such that for n > N the inverse of ?; exists whence

(8, - ) = B (B)7H(3/28)s, (&) + o (1)

or



~

= & - (R)TR/MA8)s () + o (1) -

n

Finally, -(g;)'l(a/ae)sn(eg) = [F'(G;)F(el)]-lF’(G;)e which completes the
argument.

The next characterization that needs justification is

32 =e’{1 -F(G;)[F'(G;)F(gg)]-lF’(gg)}e/(n-p) + op(l/n)

The derivation is similar to the arguments used in the proof of Theorem 15
of Chapter 3; again we shall be brief and one can look at the proof of

Theorem 15 for details. By Taylor's theorem

ol (8) - 5,(8)]

ol (3/28)s (3)7 (3_ - &)

+ (n/2)(B_ - ) [ (3%/2608")s_(3)1(3_ - &)

n o (1/WE)(B, - &) + (n/2)(8_ -80) [ + o (DI(B_-&)

it

(n/2)(3, - 2) (8, -82) + o (1)
From the proceeding result we have
(8, - ) = (2" (£IF(E)ITF (2)e + o (L/)

whence

s (8) - 5, (807 = n e B (E)F(8L)17F (82)e + o (1) .
This equation reduces to

ly - £(®IF = e7(x - F(IIF (82)F(&2)TF (&)1 + o (1/n)

which completes the argument.
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Next we show that
n(B,) = n(6) + (&P (€)P() 1P (82)e + o (LWE) -
A straightforward argument using Taylor's theorem yields
Jon(8) = VA n(e) + iaE (3 -8)

where H has rows (3/38') n(B,) with 8, = A, 8+ (1-A,)8 for some \, with
i i in i %n i

0= 7\.1<; 1 whence
v (A _ (o) = o _a°
Vo a(8)) = A n(e) + [H(E) + o (1] VA (B, - &)
Since Jﬁ (@n- e‘;l) is bounded in probability we have

Ja h(én) = Jn n(8) + vh H(e‘;)(“en-e‘;) + o_(1)

1

VB n(8) + H(E) Wi ([P (E)F(8)]1TF(&)e + o (L)) + o (1)

-1
L h (s} o (A0 *) [\ + .
VB () + R () (8)5() 17 (e + o (1)
We next show that
1/s% = (n-p)/e’(I-B )e + 0,(1/n)
where
_ o (P s] - ge)
P, = F(&)[F (£)F(8) 1R () .
. . R R . 2 2
Fix a realization of the errors {et} for which ,Zlmn_ms = g and
. / 2 . . .
hmn_me (I- PF)e/(n-p) = g ; almost every realization is such (Problem 2).
Choose N so that if n > then s° > 0 and e/(I-B )e > 0. Using

s® = e(I-Fg)e/(n-p) * o (L/n)

and Taylor's theorem we have

1/s% = (n-p)/e'(T-Bp)e - [(n-p)/e’(T-B)eTo (1/n) .
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The term [ (n-p)/e’ (I -PF)e:\2 is bounded for n > N because
)
Lim  [(n-p)/e’(T-P )e]2 = l/c-L . One concludes that
> F
1/32 = (n-p)/e/(I-PF)e + op(l/n) which completes the argument.

The next task is to show that if the errors are normally distributed then

W=Y+ op(l)
where

Y~F'(qg, n-p, X)

A= 0 (8 (H(E IR (82)F(22) 178 ()1 () )/ (26°)
Now

W

i

n w81 (/)7 (B )P (B )18 1A )/ (as®)

and as notation write

I

v h(én) Jn h(d;) + /o H(e;)EF’(GZ)F(G;)]'lF'(G;)e + op(l)

U+ Op(l)
{fﬂ:(l/n)F'(én)F(én)]-lﬁ'}-l = {H(Gil)[ (l/n)F'(9;)5‘(9(;1)]—1}1'(9;)}_1*' Op(l)
= A+ op(l)

whence

[u+ 0+ 0 (1147 + U+ o (1) (a-p)/e(T-By)e + o (1))/a

=
i

_ ) /P, ()
e'(I-P e/ (n-p)1 P

1}

Y + op(l)

Assuming normal errors then

2
U~ Nq(O, g A)
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which implies that (Appendix 1)

(w+T) AN +0) /0% ~ 52 (q,0)
with

= watu/(26%)

>
|

n 0 (s2) (56200 (1/n)F* (83)F(62) 17 E (%)) (e ) /(207

Since A(I -E%) = 0, U and (I —E%)e are independently distributed whence
(u4-U)’A_l(u4‘U) and e’ (I -E%)e = e'(I -E%)'(I -E})e are independently distributed.
This implies that Y ~ F’(q,n - p,\) which completes the argument.

Simply by rescaling s2 in the foregoing we have that

(SSE,,q,)/0 = e'P;e/n + o (1/n)
n/(SSEfull) = n/e’P;e + op(l/n)
where
Br=T-P, =T - F(&)(F («)F(a)1F (&) ;
recall that
ssE, 1; = Iy - £B)IP
SSE__yocq = Iy - 2@DIP = v - LeG 117 -

The claim that

(SSE )/n = (e+ 5) Prle +8)/n + 0,(1/n)

reduced
with

= £2(8) - £(5) = £() - L))

o
t

P?G =I-Py=1I- F(G;)G(p;)[G'(p;)F'(GE)F(GE)G(D;)]-IG'(D;)Fl(ez)

comes fairly close to being a restatement of a few lines of the proof of
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Theorem 13 of Chapter 3. In that proof we find the equations
. (8 -6 =0 (1)
e n n s
i B -6 =78 (3/8)s (B) - 7 R (3/28)s.(61) + o (1)
n n n''n b n''n s

which, using arguments that have become repetitive at this point, can be

rewritten as
~ *
B (8 -8,) = o (1)
BB -8.) = 77JE (3/30)s,(B.) - JB (3/38)s,(87)] + o_(1)
v n n n‘’n 7°n n D
with 7 = gg and H = H(GZ) . Using the conclusion of Theorem 13 of Chapter 3

one can substitute for J/n (B/Ee)sn(gn) to obtain
A L(3/38)s, () 1WR (5, - 9,) = o (1)
J/a @n - e:) = - Q_JW - H'(Hg'lH')'lH]g‘l Ja (a/ae)sn(e:) + op(l) )

Then using Taylor's theorem

s (R ) - s (8)]

-nl(3/28)s (B I(E_-8.) - (n/2)(3 -8 Yig+ o (1)1E, -6

n

3

(-n/2)(8, - a,)'9(R -8.) + o (1)

5ok

]

]

(-n/2) (3/38)s ()1 7™ - g7 g™ ") " B9 ML (3/30)s (8]

)

Using the identify obitained in Section 6 of Chapter 3 we have

g7t Tty et = alerge) Yo
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whence

ns (8)= nsn(ez) - (n/z)[(a/ae)sn(eZ)]'G(G'g G)'lG’[(a/ae)sn(e:)] + o (1)

Using Taylor's theorem, the Uniform Strong Law, and the Pitman drift assumption

we have

it

(3/28)s (8)) = (-2/m)sh_ e, + £(x,,8) - £(x,,8.)1(3/28)(x,,8.)

i

(-2/n)5_[e, + £(x,,8) - £(x,,8.)1(3/30)2(x, ,8)

+ (L) (-2/n)E_ e, + £(x, ,82) - £(x, .8 )]

(3/28")(3/39, )7 (x, .8, )

— o *
A/n (gn - en>

(3/207)(3/58,)£(x, , B

= (-2/n) F/(g7)(e + &) + op(l/in) :
Substitution and algebraic reduction yields (Problem 3)

n s, (8) = (e+8)"(e + 8) = (e+ 8) Bpgle + 6) + o (1)

which proves the claim.
The following are the characterizations used in Chapter 1 that have not

yet been verified



(SSE

D/ (F "f’J)-lﬁﬁ/n

D' (F'F)D/q

reduced

h-3-8

)/ (5B, 11) = (e+8) P (et 6)/e Pre = o (1/n)

it

(e+d) '(PF -PFG)(e+ 8)/n + op(l/n)

(e+8)"(By ~Py,) (e 4 8)/a

SSE(B)/(n-p) ~ e (1-P,)e/(n-p)

nBEF) 5 nler ) (B gt )

+ o,(1)

+o(l)

sse(8)

(e+6)’(I-PFG)(e+6) p

Except for the second, these are obvious at sight. Let us sketch the

verification of the second characterization

BFFD = [y - £(%)] FET) F Ly - £(3)]

i

(n/%)L (3/28)s (B )1 'L (1/nfF F17L (3/20)s_(3 )]
(n/2)0 (3/38)3, (8 )1 [2 + o (1)1 T (3/28)s ()]
(n/2)L (a/ae>sn(ej>1'9'1H’(H2'lﬁ’)'lHy.'lﬂ(a/ae)sn(ezH + o, (1)
(n/2)0 (3/28)s,(8,) 1[5 - 6(676) 6" (3/38)s,(8))] + o (1)
(1/n)(e+6) P20 (@)™ -6(6 /L) 6 TF/ () (e+ 6) + o (1)

(1/n)(e+6) PRI (@)™ -6(6/Q2E) 76 TP (82) (e+ ) + o (1)

(e+6)’(PF-PFG)(e+ 8) + op(l) .
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PROBLEMS

1. Give a detailed derivation of the four characterizations listed in

the preceding paragraph.

2. Cite the theorem which permits one to claim that !Z,irnn_)ms2 = 02

almost surely and prove directly that zimnqme'(I —E%)e/(n-p) = o° almost
surely.

= (-2/n)F'(8)(e+8) + o (1/4h)
)] G(G 7 &) 'T(3/28)s (e )1 to

3. Show in detail that (3/39

)s,
*
n"n

suffices toreduce (n/2)[ (3/38)s_(a

(e+8) 'Pr(e*3)
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