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1 Introduction

It has been over forty years since economists and econometricians first
began coming lo grips with the fact that economic processes are
dynamic and simultaneous in nature. The pioneering work of Mann
and Wald (1943, Koopmans (1945), and Marschak (1947) was funda-
mental in establishing approaches to modeling and estimating linear
simultaneous systems of dynamic equations. This work is still the
primary foundation for much of the research done in economics and
econometrics tocay.

Subsequently, it was realized that although linear models were
conceptually convenient and analytically tractable, they did not always
provide an adequate framework for modeling economic behavior.
Nonlinear models could provide greater fexibility, and techniques
for estimating tie parameters of nonlinear models with exogenous
explanatory varables and independent identically distributed (iid.)
errors, developed in the important work of Jennrich (1969) and
Malinvaud (1970), were extended to nonlinear dynamic models by
Hannan (1971) fcr single equations and by Robinson (1972) for systems
of equations.

Next, it was ralized that economically plausible nonlinear simul-
taneous systems ol equations did not necessarily have a convenient
(or even analyticilly derivable) reduced form. This led investigators to
study methods of estimation and inference for implicit, nonlinear
simultaneous sysiems of equations. Pioneers in this work were Amemiya
(1977) and Gallaat (1977) and Gallant and Jorgenson (1979). A broad
unification was achieved by Burguete, Gallant, and Souza (1982). This
work does not allow for dynamics. More recently, treatments of implicit
nonlinear simultineous systems allowing for fairly rich dynamics have
been given by Hinsen (1982) and Gourieroux, Monfort, and Trognon
(1985).

In the work ust cited, it is typically assumed either that the
explanatory varighles are fixed (i.e. nonstochastic) as in an experiment,
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and that the innovations Lo the system are independen! and identically
distributed; or that the explanatory variables and errors are stationary
and ergodic. Such assumptions are by no means necessary, as suggested
by the results of Robinson (1978) for linear and multilinear processes
with heteroskedastic martingale difference innovatiors. Nor do such
assumptions necessarily provide a realistic descriptien of economic
time series, as pointed out long ago by Koopmans (1937) and as argued
more recently by Hendry and Richard (1983) and White and Domowitz
(1984). A more satisfactory description of economic time series i1s that
they are dependent and heterogeneous.

Thus, a general theory applicable to the study of economic phenom-
ena should be able to treat nonlinear dynamic simultaneous systems
of implicit equations with errors and explanatory variables which are
dependent and heterogeneously distributed. In addition, it is desirable
to have a theory which permits treatment of the wide variety of
estimators now applied in modern econometrics: maximum likelihood,
instrumental variables, method of moments, and m-¢stimation tech-
niques, for example. In his general and very elegant monograph,
Bierens (1981) builds on numerous contributions to the mathematical
statistics literature to produce a theory of econometric estimation
which very nearly satisfies this description. Bierens assumes that the
errors of the structural equations are i.i.d., but his treaiment otherwise
contains all the features just mentioned.

As flexible as nonlinear dynamic systems of equatiors may be, there
is no guarantee that the equations specified by the resecrcher provide a
correct description of economic reality. They may be misspecified in
any number of ways for any number of reasons. Thus, itis important to
have available a theory which explicitly recognizes the potential for
misspecification and which provides a satislying theory ol estimation
and inference despite the presence of misspecification. The problem of
misspecification in the context of maximum likelihood was considered
by Silvey (1959), and was given a thorough and elegant ireatment in the
i.i.d. case by Huber (1967). A Bayesian treatment is also available in the
work of Berk (1966, 1970). The problem of estimation of systems of
misspecified dynamic equations by any of a variety of “prediction error”
methods (including maximum likelihood) is treated n the series of
papers by Ljung (1976; 1978), Caines and Ljung (1976), and Ljung and
Caines (1978) and is given a comprehensive treatment in Ljung’s (1987)
recent book on system identification.

Introduction 3

In this work, we use results of Domowitz and White (1982) and an
estimation framework proposed by Bates and White (1985) to provide a
theory of estimaticn and inference which applies to a fairly broad class
of estimators (including maximum likelihood, method of moments, and
ni-estimators) for possibly misspecified models. These models may be
nonlinear dynamic systems of implicit simultaneous equations (or may
also be censored, truncated, or limited dependent variables models)
with explanatory variables, dependent variables, and/ar errors which
may be dependent and heterogeneously distributed. Our results thus
extend those of Ljung and his collaborators by allowing for implicit
equations and estimation techniques not necessarily based on prediction
error methods. We also provide somewhat weaker dependence con-
ditions. The work of Bates and White (1985) only considers the issue of
consistency. Here we treat asymptotic distribution, covariance matrix
estimation, and issues of inference as well. Furthermore, we relax the
restrictive assumpion made by Bates and White (1985) that the
functions defining the estimator depend on only a finite number
of recent lagged values of the dependent and explanatory variables of
the model. The results of Domowitz and White (1982), White and
Domowitz (1984), and Bates and White (1985) contain a number of
other restrictive assumptions and occasional errors that are eliminated
here.

Although explicily formulated for time series, our results also apply
lo experimental, cross-section, and panel data. The results given here
therefore represent an extension of the unification achieved by Burguete,
Gallant, and Souza (1982) to the case of dynamic models, Despite the
apparent generality of our results, they still contain a number of
somewhat restrictive assumptions which prevent their applicability in
particular cases of interest. These assumptions and their implications
will be discussed as we progress.

It should be evident from the foregoing discussion that our results
rely heavily on the vork of many who have gone before. In many cases,
the work of those already cited is similarly dependent. Thus, our results
should clearly be viewed as an elaboration of the fundamental, classical,
and ingenious work of Doob (1934; 1953), Wald (1949), and Le Cam
(1953). We also wist to acknowledge our heavy reliance on the work of
Billingsley (1968) and McLeish (1975a; 1975b), whose general and
clegant results allow us to adopt the relatively general stochastic
[ramework used throughout.
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The plan of this monograph is as follows. In chapter 2 we discuss the
underlying data generation process and establish the existence of the
eslimators of interest, members of a particular class of extremum
estimators. In chapler 3 we establish the consistency ol these estimators
under general conditions. Chapter 4 contains useful resalts of a technical
nature concerning the property of near epoch dependence, which plays
a crucial role in our analysis. Chapter 5 considers the asymptotic
normality of our class of estimators under general conditions, and
chapter 6 presents consistent estimators for the asymplolic covariance
matrix. In chapter 7 we present a unified theory of inference under null
and locally alternative hypotheses. Chapter & confains concluding
remarks and a discussion of directions for further research. For
convenience, all of the various assumptions made at diferent points are
collected together and presented in an appendix to the book.
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2 The Data Generation Process and
Optimization Estimators

We suppose thai we are interested in analyzing a body of data
generated accordiag to the following assumption.

Assumption DG (lata generation)

Let (£2,F, P) be a complete probability space. The observed data are
generated as a realization

x = X(w) = Wl..., V_i(w), Kw), Visilw),...) wel

of a stochastic prozess X,:Q — @™, w,eN = {1,2,...}, where V:0— R,
velW,and W: x 2 R — R™ are such that X, is measurable-F/B(R™),
=041 +2.... 8]

In what follows, any reference to £, F, or P will be understood
as pertaining to the underlying complete probability space of this
definition. The notation B(- ) denotes the Borel a-field generated by the
open sets of the incicated set.

The data we analyze are viewed as arising from some transformation
W; of an underlying process ;. Some or all of the elements of ¥, may be
unobserved; typicilly, ¥, will consist of unobserved shocks to an
economic data gererating process. It may (but need not) also include
nonendogenous erplanatory variables and/or instrumental variable
candidates. Observed clements of ¥ can also be elements of X, so that
the corresponding clement of W, is simply an appropriate projection
mapping. Note that the dimension of the function W, may itsell depend
on t. By allowing this dependence, it is possible to treat situations in
which, as t grows, X, contains a growing number of lagged (or future)
values of some urderlying process (such as ¥}). For simplicity, our
examples below will not exploit this possibility; we shall choose Wo=w



