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Abstract

We describe and analyze some Monte Carlo methods for manifolds in euclidean
space defined by equality and inequality constraints. First, we give an MCMC
sampler for probability distributions defined by unnormalized densities on such
manifolds. The sampler uses a specific orthogonal projection to the surface that
requires only information about the tangent space to the manifold, obtainable
from first derivatives of the constraint functions, hence avoiding the need for
curvature information or second derivatives. Second, we use the sampler to de-
velop a multistage algorithm to compute integrals over such manifolds. We pro-
vide single-run error estimates that avoid the need for multiple independent runs.
Computational experiments on various test problems show that the algorithms
and error estimates work in practice. The method is applied to compute the en-
tropies of different sticky hard sphere systems. These predict the temperature or
interaction energy at which loops of hard sticky spheres become preferable to
chains. © 2017 Wiley Periodicals, Inc.

1 Introduction
Many physical and engineering systems involve motion with equality constraints.

For example, in physics and chemistry, bonds between atoms or colloidal particles
may be modeled as having a fixed length [17], while in robotics, joints or hinges
connecting moving components may be written as constraints on distances or an-
gles [36]. Constraints also arise in statistics on the set of parameters in paramet-
ric models [8]. In such problems the space of accessible configurations is lower-
dimensional than the space of variables that describe the system, often forming a
manifold embedded in the full configuration space. One may then be interested
in sampling a probability distribution defined on the manifold or calculating an
integral over the manifold such as its volume.
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This paper presents Monte Carlo methods for computing a d -dimensional inte-
gral over a d -dimensional connected manifold M embedded in a da-dimensional
euclidean space, with da � d . The manifold is defined by sets of constraints. We
first describe an MCMC sampler for manifolds defined by constraints in this way.
Then we describe a multiphase procedure that uses the sampler to estimate inte-
grals. It should go without saying (but rarely does) that deterministic algorithms
to compute integrals are impractical except in very low dimensions or for special
problems (e.g., [32]).

Our MCMC sampler has much in common with other algorithms for constraint
manifolds, including other samplers, optimizers, differential algebraic equation
(DAE) solvers (see, e.g., [14]), etc. A move from a point x 2 M starts with a
move in the tangent space at x, which is v 2 Tx . This is followed by a projec-
tion back to y 2 M , which we write as y D x C v C w. The sampler simplifies
if we require w ? Tx , so the projection is perpendicular to the tangent space at
the original point. This idea was first suggested in [24].1 This is different from
other natural choices, such as choosing y 2M to minimize the projection distance
ky � .x C v/k. The choice of w ? Tx makes the sampler easy to implement as it
requires only first derivatives of the constraint surfaces. Neither solving for y using
Newton’s method nor the Metropolis Hastings detailed balance condition require
any higher derivatives.

Several other surface sampling methods require second derivatives, such as the
explicit parametrization method of [8], the Hamiltonian method such as of [2],
and geodesic methods such as [3, 23]. Methods based on discretizing SDEs (e.g.,
[4,5]) are exact samplers only in continuous time. There is time discretization error
(inexact sampling) when implemented with a nonzero time step. It is possible
to use Metropolis rejection to remove time discretization error, but the volume
ratio involved would involve second derivatives of the constraint functions if the
projection is to the closest point on the constraint surface. Exact sampling without
time discretization error is desirable because it allows larger time steps.

It is common in our computational experiments that there is no w ? Tx so that
x C v C w 2 M , or that one or more w-values exist but the Newton solver fails
to find one. Section 2 explains how we preserve detailed balance even in these
situations.

Our goal is to compute integrals of the form

(1.1) Z D

Z
M

f .x/�.dx/;

where �.dx/ is the d -dimensional surface area measure (Hausdorff measure) and
f is a positive smooth function. Writing B � Rda for the ball centered at a point
x0 2M , we also estimate certain integrals of the form

(1.2) ZB D

Z
M\B

f .x/�.dx/:

1 We learned of this work after we submitted the original version of this paper for publication.
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For each B , we define a probability distribution on M \ B:

(1.3) �B.dx/ D
1

ZB
f .x/�.dx/:

The sampling algorithm outlined above, and described in more detail in Section 2,
allows us to draw samples from �B .

To calculate integrals as in (1.1) we use a multiphase strategy related to nested
sampling and thermodynamic integration (e.g., [12]). Similar strategies were ap-
plied to volume estimation problems by the Lovasz school; see, e.g., [26]. Let
B0 � B1 � � � � � Bk be a nested contracting family of balls with a common
center. With an abuse of notation, we write Zi for ZBi

. We use MCMC sampling
in M \ Bi to estimate the ratio

(1.4) Ri D
Zi

ZiC1
:

We choose the last ball Bk small enough that we may estimateZk by direct Monte
Carlo integration. We choose B0 large enough that M � B0 so Z D Z0. Our
estimate of Z is

(1.5) �Z D �Zk k�1Y
iD0

yRi ;

where hatted quantities such as �Z are Monte Carlo estimates. Section 3 describes
the procedure in more detail.

Error estimates should be a part of any Monte Carlo computation. Section 3.2
describes our procedure for estimating

�2�Z D var.�Z/;
a procedure adapted from [18]. If we can estimate �2

yRi

, and if these are small

enough, then we can combine them to estimate �2�Z . We explore how �2�Z depends
on parameters of the algorithm via several simplified model problems in Section 5.
We specifically analyze how the error depends on the amount by which we shrink
the balls for each ratio, and make predictions that could lead to good systematic
choices of this parameter.

We illustrate our methods on a number of examples. We apply the sampler to the
surface of a torus and cone in 3D, as well as the special orthogonal group SO.n/
for n D 11, which is a manifold of dimension 55 in an ambient space of dimension
121 (Section 2.3) . All of these examples have certain marginal distributions that
are known analytically, so we verify the sampler is working correctly.

We verify the integration algorithm is correct by calculating the surface areas of
a torus and SO.n/ for 2 � n � 7 (Sections 4.1 and 4.2).

Finally, we apply our algorithm to study clusters of sticky spheres (Section 4.3),
a model that is studied partly to understand how colloidal particles self-assemble
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into various configurations [16, 17, 30]. A simple question in that direction con-
cerns a linear chain of n-spheres—whether it is more likely to be closed in a loop
or open in a chain. According to equilibrium statistical mechanics, the ratio of
the probabilities of being open versus closed depends on a parameter (the “sticky
parameter”) characterizing the binding energy and temperature, and the entropies,
which are surface areas of the kind we are computing. We compute the entropies
for open and closed chains of lengths 4 through 10. This data can be used to pre-
dict the relative probabilities of being in a loop or a chain if the sticky parameter
is known, but if it is not known our calculations can be used to measure it by com-
paring with data.

Notation and assumptions. Throughout the paper, we will denote by M a d -
dimensional connected manifold embedded in an ambient space Rda , which is
defined by equality and inequality constraints. There are m equality constraints,
qi .x/ D 0, i D 1; : : : ; m, where the qi are smooth functions qi W Rda ! R. There
are l inequality constraints of the form hj .x/ > 0 for j D 1; : : : ; l . The manifold
M is

(1.6) M D
˚
x 2 Rda W qi .x/ D 0; i D 1; : : : ; m; hj .x/ > 0; j D 1; : : : ; l

	
:

If M has several connected components, then the sampler may sample only one
component, or it may hop between several components. It is hard to distinguish
these possibilities computationally.

We let Qx be the matrix whose columns are the gradients frqi .x/gmiD1. This
makes Qx the transpose of the Jacobian of the overall constraint function q W
Rda ! Rm. The entries of Qx are

(1.7) .Qx/ij D
@qi .x/

@xj
:

We assume that Qx has full rank m everywhere on M . By the implicit function
theorem, this implies that the dimension of M is d D da �m and that the tangent
space Tx � TxM at a point x 2M is well-defined. In this case frqi .x/gmiD1 form
a basis of the orthogonal space T?x � TxM

?. Note thatM inherits the metric from
the ambient space Rda by restriction. The corresponding d -dimensional volume
element is d -dimensional Hausdorff measure, which we denote by �.dx/.

2 Sampling on a Constraint Manifold
2.1 The Algorithm

We describe the MCMC algorithm we use to sample a probability distribution
of the form

(2.1) �.dx/ D
1

Z
f .x/�.dx/:



MONTE CARLO ON MANIFOLDS: SAMPLING DENSITIES AND INTEGRATING FUNCTIONS 5

MCMC surface sampling algorithm

Begin: x D Xn, f .x/ is known f
Proposal: generate y 2M or declare failure

CalculateQx using (1.7)
Find orthonormal bases for Tx and T?x using the QR decomposition ofQx

Generate v 2 Tx with v � p.v/ using the orthonormal basis of Tx

Projection toM :
Œa; flag� = project.q; xC v;Qx/ // solve q.xC vCQxa/ D 0 for a
if flag DD 0 f

XnC1 D x; done // projection failure: reject, back to Begin.
g

y D xC vCQxa// successful projection
Inequality check:

if hi .y/ < 0 for some y f
XnC1 D x; done // inequality failure: reject; back to Begin.
g

Metropolis-Hastings acceptance/rejection step:
GenerateQy and find orthonormal bases for Ty and T?y
Find v0 2 Ty and w 0 2 T?y so that x D y C v0 Cw 0

Pa D min
�
1;
f .y/p.v0/

f .x/p.v/

�
// acceptance probability

Generate U � unif.0; 1/
if U > Pa f // Pr.rej/ D 1�Pa

XnC1 D x; done // rejection; back to Begin.
g

Reverse Projection, try to recover x D y C v0 CQya

Œa; flag� = project.q; y C v0;Qy/

if flag DD 0 f

XnC1 D x; done // reverse projection failure: reject, back to Begin.
g

Accept move: XnC1 D y // successful recovery; accept the proposal
g

Œa; flag� = project.q; ´;Q/ // Newton’s method to solve q.´CQa/ D 0 for a
Initialization: a D 0, i D 0, flag D 1
While jq.´CQa/j > tol f

Solve
�
rq.´CQa/tQ

�
�a D �q.´CQa/ for�a // see (2.6)

a D aC�a

i D i C 1

if i > nmax f

flag D 0; return // projection failure: reject; return.
g

g

FIGURE 2.1. Summary of the MCMC algorithm in pseudocode.

Here � is the d -dimensional surface measure on M given by (1.6). As usual,
the algorithm requires repeated evaluation of f but does not use the unknown
normalization constantZ. The algorithm is described in pseudocode in Figure 2.1.
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M
x Txy D x C v C w

w

x C v
v

(a)

M
x Txy D x C v C w

w

x C v
v

Ty

y C v0

v0

w0

(b)

FIGURE 2.2. Illustration of the sampler. (a) The vector v 2 Tx is pro-
jected normal to Tx to y D xCvCw 2M . (b) The reverse step, needed
for detailed balance, has v0 2 Ty , w0 2 T ?y , and x D y C v0 C w0. The
angle between w and Ty is the same as the angle between w0 and Tx .

Our Metropolis style MCMC algorithm generates a sequence Xk 2M with the
property that

(2.2) if Xk � � then XkC1 � �:

Once Xk D x is known, the algorithm makes a proposal y 2 M . If the proposal
fails (see below) or if it is rejected, then XkC1 D Xk . If the algorithm succeeds in
generating a y, and if y is accepted, then XkC1 D y. If M is connected, compact,
and smooth, then the algorithm is geometrically ergodic. See, e.g., [25] for an
efficient summary of the relevant MCMC theory.

The proposal process begins with a tangential move x ! xCv with v 2 Tx . We
generate v by sampling a proposal density p.vjx/ defined on Tx . All the numerical
experiments reported here use an isotropic d -dimensional Gaussian with width s
centered at x:

(2.3) p.vjx/ D
1

.2�/d=2 sd
e
�
jvj2

2s2 :

We generate v using an orthonormal basis for Tx , which is the orthogonal com-
plement of the columns of the constraint gradient matrix Qx; see (1.7). This or-
thonormal basis is found as the last d columns of the da � da matrix Q in the QR
decomposition of Qx , which we find using dense linear algebra.2

Given x and v, the projection step looks for w 2 T?x with y D xCvCw 2M .
See Figure 2.2(a) for an illustration. It does this using an m-component column

2 Please be aware of the conflict of notation here. The da � da orthogonal Q of the QR decom-
position is not the da � d gradient Qx .
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vector a D .a1; : : : ; am/T and

(2.4) w D

mX
jD1

ajrqj .x/ D Qxa:

The unknown coefficients aj are found by solving the nonlinear equations

(2.5) qi .x C v CQxa/ D 0; i D 1; : : : m:

This can be done using any nonlinear equation solver. In our code, we solve (2.5)
using simple Newton’s method (no line search, regularization, etc.) and initial
guess a D 0. The necessary Jacobian entries are

(2.6) Jij D @aj
qi .x C v CQxa/ D .rqi .x C v CQxa//

T
rqj .x/:

We iterate until the first time a convergence criterion is satisfied,

(2.7) jq.x C v CQxa/j � tol;

where jqj is some norm. In our implementation, we used the l2 norm. When this
criterion is satisfied, the projection is considered a success and y D xCvCw is the
proposal. If the number of iterations reaches nmax before the convergence criterion
is satisfied, then the projection phase is considered a failure. It is possible to change
these details, but if you do you must also make the corresponding changes in the
detailed balance check below.

There are other possible projections from xCv toM , each with advantages and
disadvantages. It would seem natural, for example, to find y by computing

(2.8) arg min
y2M

jx C v � yj2:

This produces a projection w 2 T?y rather than our w 2 T?x . It also has the ad-
vantage that such a y always exists and is almost surely unique. The optimization
algorithm that computes (2.8) may be more robust than our Newton-based nonlin-
ear equation solver. The disadvantage of (2.8) is that there are curvature effects in
the relative surface area computation that are part of detailed balance. Computing
these curvatures requires second derivatives of the constraint functions qi . This is
not an intrinsic limitation, but requires more computation and is not as straightfor-
ward to implement as our algorithm.

The proposal algorithm just described produces a random point y 2 M . There
are two cases where we must reject it immediately so the detailed balance relation
may hold (which we verify in Section 2.2). First, we must check whether an in-
equality constraint is violated, so hi .y/ � 0 for some i . If so, then y is rejected.
Second, we must check whether the reverse step is possible, i.e., whether it is pos-
sible to propose x starting from y. To make the reverse proposal, the algorithm
would have to choose v0 2 Ty so that x D y C v0 C w0 with w0 ? Ty . Figure
2.2(b) illustrates this. Since x and y are known, we may find v0 and w0 by the
requirement that x � y D v0 C w0, v0 2 Ty , w0 2 T?y . This is always possible
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by projecting x � y onto Ty and T?y , which are found using the QR decomposi-
tion of Qy . However, we must additionally determine whether the Newton solver
would find x starting from y C v0, a step that was neglected in earlier studies,
e.g., [24]. Even though we know that x is a solution to the equations, we must
still verify that the Newton solver produces x. With that aim, we run the Newton
algorithm from initial guess y C v0 and see whether the converge criterion (2.7) is
satisfied within nmax iterations. If not, the proposal y is rejected. Whenever y is
rejected, we set XkC1 D x.

If we come to this point, we compute an acceptance probability a.yjx/ using
the Metropolis Hastings formula

(2.9) a.yjx/ D min
�
1;
f .y/p.v0jy/

f .x/p.vjx/

�
:

The reader might expect that we should use the more complicated formula

a.yjx/ D min
�
1;
f .y/p.v0jy/J.xjy/

f .x/p.vjx/J.yjx/

�
;

where J.yjx/ is the inverse of the determinant of the linearization of the projection
v ! y, formally,

ˇ̌
@v
@y

ˇ̌
. This would account for how the area of a small patch of

surface near x is distorted upon mapping it to y. However, it turns out that the
Jacobian factors cancel:

(2.10) J.yjx/ D J.xjy/:

This is evident in part (b) of Figure 2.2, where the angle between w and Ty is the
same as the angle between w0 and Tx . The proof in two dimensions is an exercise
in euclidean geometry. In more dimensions, J.yjx/ and J.xjy/ are products of
cosines of principal angles between Tx and Ty ; see [1].

To prove (2.10), let Ux and Uy be matrices whose columns are orthonormal
bases for Tx and Ty , respectively. Column i of Ux will be denoted ux;i , and
similarly for Uy . Consider a vector � 2 Tx , which may be written � D

P
aiux;i .

Let � 2 Ty be the projection of � to Ty normal to Tx , and write � D
P
bjuy;j .

The orthogonality condition is uT
x;i� D u

T
x;i� D ai . This leads to the equationsX

j

uT
x;iuy;j bj D ai :

These take the form Pb D a, or b D P�1a, where P D U T
xUy . Since Ux and Uy

are orthonormal bases, the volume element going from x ! y is expanded by a
factor

(2.11) J.yjx/�1 D det.P�1/ D det
��
U T
xUy

��1�
:

Similar reasoning shows that the projection from Ty to Tx perpendicular to Ty
expands volumes by a factor of

(2.12) J.xjy/�1 D det
��
U T
yUx

��1�
:
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These factors are equal because the determinants of a matrix and its transpose are
the same, proving (2.10).

We close this section with a general remark concerning the choice of parameters.
A key part of the algorithm is the projection step, which requires using Newton’s
method or some other algorithm to solve a nonlinear system of equations. This
algorithm is called twice at every step of the sampler, and so making it efficient
is critical to the overall efficiency of the sampler. Profiling reveals that most of
the computing time is spent in the project part (see Figure 2.1). We found that
setting the parameter nmax low, or otherwise terminating the solver rapidly, made
a significant difference in the overall efficiency. Unlike most problems that require
solving equations, we are not interested in guaranteeing that we can find a solution
if one exists—we only need to find certain solutions rapidly; our reverse projection
check and subsequent rejection ensures that we correct for any asymmetries in the
solver and still satisfy detailed balance.

2.2 Verifying the Balance Relation
In this section we verify what may already be clear, that the algorithm described

above satisfies the desired balance relation (2.2). In the calculations below, we as-
sume that the constraints hold exactly, an assumption that will not be true when
they are solved for numerically, as we discuss in the remark at the end of the sec-
tion.

To start, let us express the probability distribution of the proposal point y as the
product of a surface density and d -dimensional surface measure,

(2.13) Px.dy/ D h.yjx/�.dy/C �.x/ıx.dy/:

Here ıx.dy/ is the unit point mass probability distribution at the point x, �.x/
is the probability that the projection step failed; i.e., Newton’s method failed to
produce a y or it lay outside the boundary, and h.yjx/ is the proposal density, i.e.,
the probability density of successfully generating y 2 M from x. The proposal
density is the product of three factors:

h.yjx/ D .1 � 1Fx
.y// � p.vjx/ � J.yjx/;

where the set Fx �M consists of those points y 2M that cannot be reached using
our Newton solver starting from x, and 1Fx

.y/ denotes the characteristic function
of the set Fx , which equals 1 if y 2 Fx and 0 if y … Fx . Note that we must haveR
M h.yjx/d�.y/C �.x/ D 1.

If the acceptance probability is a.yjx/, then the overall probability distribution
of y takes the form

(2.14) Rx.dy/ D a.yjx/h.yjx/�.dy/C �.x/ıx.dy/:

Here, �.x/ is the overall probability of rejecting a move when starting at x, equal to
the sum of the probability of not generating a proposal move, and the probability
of successfully generating a proposal move that is subsequently rejected. Since
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1 � a.yjx/ is the probability of rejecting a proposal at y, the overall rejection
probability is

�.x/ D �.x/C

Z
M

.1 � a.yjx//h.yjx/�.dy/:

We quickly verify that the necessary balance relation (2.2) is satisfied if a.yjx/
is chosen to satisfy the detailed balance formula

(2.15) f .x/a.yjx/h.yjx/ D f .y/a.xjy/h.xjy/:

For this, suppose Xk has probability distribution on M with density gk.x/ with
respect to surface area measure:

Xk � �k.dx/ D gk.x/�.dx/:

We check that if (2.15) is satisfied, and gk D f , then gkC1 D f . We do this in
the usual way, which is to write the integral expression for gkC1 and then simplify
the result using (2.15). To start,

gkC1.x/ D

Z
M

gk.y/a.xjy/h.xjy/d�.y/ C �.x/gk.x/:

The integral on the right represents jumps to x from y ¤ x on M . The second
term on the right represents proposals from x that were unsuccessful or rejected. If
gk D f , when using the detailed balance relation (2.15) this becomes

(2.16) gkC1.x/ D

Z
M

f .x/a.yjx/h.yjx/d�.y/ C �.x/f .x/:

The integral on the right now represents the probability of accepting a proposal
from x:

Pr.accept from x/ D

Z
M

a.yjx/h.yjx/d�.y/:

When combined with the second term, the right side of (2.16) is equal to f .x/, as
we wished to show.

We use the standard Metropolis Hastings formula to enforce (2.15):

(2.17) a.yjx/ D min
�
1;
f .y/h.xjy/

f .x/h.yjx/

�
:

If we succeed in proposing y from x, then we know y … Fx , so we are able
to evaluate h.yjx/. However, it remains possible that x … Fy , in which case
h.xjy/ D 0. This is why we must apply the Newton solver to the reverse move, to
see whether it would succeed in proposing x from y. If not, we know h.xjy/ D 0

and therefore a.yjx/ D 0 and we must reject y.

Remark 2.1. We have assumed so far the constraints hold exactly, which is not true
when we solve for y numerically. Rather, the proposal move will lie within some
tolerance tol, so we are sampling a “fattened” region

Mtol D
˚
y W jqi .y/j � tol; i D 1; : : : ; m; hj .x/ > 0; j D 1; : : : ; l

	
:
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FIGURE 2.3. Left: Points generated by our MCMC sampler on a torus.
We generated 106 points total and plot 104 of these, one every 100
MCMC steps. Center and right: empirical and theoretical distribution
of the torus angles � (center) and � (right). The theoretical � density
(see, e.g., [8]) is 1

2�

�
1C r

R
cos.�/

�
.

It is well-known (e.g., [11,15]) that if the fattened region is uniformly sampled, the
distribution near M will not be the uniform distribution, but rather will differ by
an O.1/ amount that does not vanish as tol! 0.

We do not know the distribution by which our numerical solver produces a point
inMtol. However, since we observe the correct distributions onM in the examples
below (for small enough tol), we infer that we are not sampling the fattened region
uniformly, but rather in a way that is consistent with the surface measure on the
manifold in the limit when tol ! 0. Moreover, it is practical to take tol to
be extremely small, on the order of machine precision, because of the fast local
convergence of Newton’s method.

2.3 Examples
In this section we illustrate the MCMC sampler with three examples: a torus, a

cone, and the special orthogonal group SO.n/.

Torus
Consider a torus T2 embedded in R3, implicitly defined by

(2.18) T2
D

n
.x; y; ´/ 2 R3 W

�
R �

q
x2 C y2

�2
C ´2 � r2 D 0

o
;

where R and r are real positive numbers, with R > r . Geometrically, T2 is the set
of points at distance r from the circle of radius R in the .x; y/-plane centered at
.0; 0; 0/. An explicit parametrization of T2 is given by

(2.19) T2
D
˚
.RC rcos.�/cos.�/; .RC rcos.�/sin.�/; rsin.�// W

�; � 2 Œ0; 2��
	
:

We ran N D 106 MCMC steps to sample uniform measure (f .x/ D 1) on T2

with toroidal radius R D 1, poloidal radius r D 0:5, and step size scale s D 0:5.
Figure 2.3 shows our empirical marginal distributions and the exact theoretical
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distributions. The empirical distributions of the toroidal angle � and the poloidal
angle � are correct to within statistical sampling error. Around 6% of proposed
moves were rejected because of failure in the reverse projection step. When we
didn’t implement this step, the marginals were not correct.

Cone
We consider the circular right-angle cone C � R3 with vertex .0; 0; 0/ given by

(2.20) C D
n
.x; y; ´/ 2 R3 W ´ �

q
x2 C y2 D 0; x2 C y2 < 1; ´ > 0

o
:

We study this example in order to determine how our algorithm might behave near
singular points of a hypersurface. We have written strict inequalities to be con-
sistent with the general formalism (1.6). In principle, the algorithm should do the
same thing with nonstrict inequalities, since the set of points with equality (e.g.,
´ D 0) has probability 0. If we allowed ´ D 0, then C would not be a differen-
tiable manifold because of the singularity at the vertex.

We suspected that the projection steps (see Figure 2.1) would be failure prone
near the vertex because of high curvature, and that the autocorrelation times would
be large or even unbounded. Nevertheless, Figure 2.4 shows satisfactory results, at
least for this example. We ran for N D 106 MCMC steps with step size parameter
s D 0:9. The theoretical marginal densities for X , Y , and Z are easily found to be

gX .x/ D
2

�

p

1 � x2; gY .y/ D
2

�

q
1 � y2; gZ.´/ D 2´:

Special Orthogonal Group
We apply our surface sampler to the manifold SO.n/, which is the group of n�n

orthogonal matrices with determinant equal to 1. We chose SO.n/ because these
manifolds have high dimension, 1

2
n.n�1/, and high codimension, 1

2
n.nC1/ [22].

We view SO.n/ as the set of n � n matrices, x 2 Rn�n, that satisfy the row
orthonormality constraints for k D 1; : : : ; n and l > k:

gkk.x/ D

nX
mD1

x2km D 1; gkl.x/ D

nX
mD1

xkmxlm D 0:

This is a set of 1
2
n.nC 1/ equality constraints. The gradient matrix Qx defined by

(1.7) may be seen to have full rank for all x 2 SO.n/. Any x satisfying these con-
straints has det.x/ D ˙1. The set with det.x/ D 1 is connected. It is possible that
our sampler would propose an x with det.x/ D �1, but we reject such proposals.
We again chose density f .x/ D 1, which gives SO.n/ a measure that is, up to a
constant, the same as the natural Haar measure on SO.n/.

One check of the correctness of the samples is the known large-n distribution of
T D Tr.x/, which converges to a standard normal as n!1 [7]. This is surprising
in view of the fact that Tr.x/ is the sum of n random numbers, each of which has
Var.xkk/ D 1. If the diagonal entries were independent with this variance, then
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FIGURE 2.4. An MCMC run of length 106 for uniform sampling on a
cone. Top left: plot of 104 points of the MCMC chain, over every 100
steps. Top right: autocorrelation function of the coordinates Z. Bottom:
empirical and theoretical distributions for the coordinates .X; Y;Z/.

Var.T / D n1=2 instead of the correct Var.T / D 1. This makes the correctness of
the T -distribution an interesting test of the correctness of the sampler.

Figure 2.5 presents results for n D 11 andN D 106 MCMC steps, and proposal
length scale s D 0:28. The distribution of T seems correct but there are nontrivial
autocorrelations. The acceptance probability was about 35%.

Note that there are better ways to sample SO.n/ than to use our sampler. For
example, one can produce independent samples by choosing y 2 Rn�n with i.i.d.
entries from N .0; 1/ and use the QR decomposition y D Rx, where R is upper
triangular and x is orthogonal.

3 Integrating over a Manifold
3.1 Algorithm

In this section we describe an algorithm to calculate integrals over a manifold
M of the form (1.1). We assume that M given in (1.6) is bounded. The strategy
as outlined in the Introduction is to consider a sequence of da-dimensional balls
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FIGURE 2.5. An MCMC run of length 106 for uniform sampling from
SO.11/. Left: the theoretical and empirical distribution of T D Tr.x/.
Right, the empirical autocorrelation of T .

B0 � B1 � � � � � Bk , centered at x0 2 M with radii ri for i D 1; : : : ; k, where
B0 � M entirely contains the manifold, and Bk is “small enough” in a way we
describe momentarily. We assume that each M \ Bi is connected, an assumption
that is critical for our algorithm to work. We define the collection of integrals (see
(1.2))

Zi D

Z
Bi\M

f .x/d�.x/:

The final estimate is Z � �Z according to (1.5).
To estimate the ratio Ri D Zi=ZiC1, we generate ni points in Bi \M with the

probability distribution �i as in (2.11). This is done using the MCMC algorithm
given in Section 2 by including the extra inequality jx � x0j2 < r2i . An estimator
for Ri is then given by

(3.1) yRi D
ni

Ni;iC1
;

where, for i � j , we define

(3.2) Ni;j D # points generated in Bi \M that also lie in Bj \M:

We could use additional elements Ni;j with j > i C 1 to enhance the estimate
of the ratios, but we leave exactly how to do this as a question for future research.
Note that Ni;i D ni .

The integral over the smallest set M \ Bk is computed in a different way. If
M had no equality constraints, so that the dimension of M were equal to the di-
mension of Bk , then we could choose Bk �M to lie entirely inside M and so the
integral (for constant f ) would be known analytically. Indeed, this idea was used
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FIGURE 3.1. Illustration of the projection step for the integration over
the smallest intersection Bk \M for a one-dimensional manifold: given
a point xi uniformly generated in the ballBk\Tx0

M , we find the unique
point yi 2M by moving perpendicular to Tx0

M , starting from xi .

in several studies that developed efficient algorithms to calculate the volume of a
convex body [26, 32]. With the equality constraints, in general there is no Bk with
radius rk > 0 for which the integral Zk is known in closed form exactly.

Instead, we choose rk small enough that that there is an easily computed one-
to-one correspondence between points in M \ Bk and points in the tangent plane
Dk D Tx0

\Bk . This happens, for example, when the manifoldM \Bk is a graph
above Dk . We use the coordinates in the flat disk Dk to integrate over M \ Bk ,
which is simply the surface integral as illustrated in Figure 3.1:

(3.3) Zk D

Z
M\Bk

f .y/ d�.y/ D

Z
Dk

f .y.x//J�1.x/dx:

This uses the following notation. The integral on the right is over the d -dimensional
disk. For any x 2 Dk , the projection to M that is perpendicular to Tx0

is called
y.x/ 2 M . For small enough rk , the projection is easily calculated using the
projection algorithm of Figure 2.1. The Jacobian factor J.x/ D det.U T

x0
Uy.x//

is known from (2.11), where as before Ux is a matrix whose columns are an or-
thonormal basis of Tx .

The integral over Dk may be computed deterministically if d is small enough,
but otherwise we estimate it by direct Monte Carlo integration. We choose nk
independent points xi 2 Dk , which is an easy task for a d -dimensional disk. We
compute the corresponding projections and Jacobian weight factors, yi D y.xi /

and Ji D J.xi /. Some of the yi will be outside of M \ Bk , so we need an extra
indicator function factor, 1Bk

.yi /, that is equal to 1 if yi 2 M \ Bk . The d -
dimensional volume of Dk is known, so we have the direct Monte Carlo estimate

(3.4) �Zk D vold .Dk/
nk

nkX
iD1

1Bk
.yi /f .yi /J

�1
i ; vold .Dk/ D

�d=2

�.d
2
C 1/

rdk :
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The estimators (3.1) and (3.4) are substituted in (1.5) to give our overall estimate
of the integral Z.

There is one additional consideration that is important to make this work in
practice. That is, the projection fromDk toM \Bk must never fail. If it does, the
estimate (3.4) will not be convergent. Empirically we found the projection always
worked when rk was small enough, which proved to be a more limiting criterion
than the criterion that M \ Bk be a graph above Dk .

3.2 Variance Estimate
This section serves two purposes. One is to present the method we use to esti-

mate the variance �2�Z of the estimator (1.5). This is similar to the strategy of [18],
but adapted to this setting. This estimate is accurate only if the MCMC runs are
long enough so that Zk and the Ri are estimated reasonably accurately. Our com-
putational tests below show that the estimator can be useful in practice. The other
purpose is to set up notation for some heuristics for choosing parameters, a ques-
tion dealt with in more depth in Section 5.

We start with the simple estimator �Zk in (3.4) for the integral over the smallest
ball. It is convenient to write the estimator as the sum of the exact quantity and a
statistical error, and then to work with relative error rather than absolute error. We
neglect bias, as we believe that error from bias is much smaller than statistical error
in all our computations. In the present case, we write

(3.5) �Zk D Zk C �k�k D Zk.1C �k�k/;
where �k is a zero mean random variable with Var.�k/ D 1, �k is the absolute
standard deviation of �Zk , and �k D �k=Zk is the relative standard deviation.
Since the samples in (3.4) are independent, the standard deviation satisfies

�2k D
vol2d .Dk/

nk
Var.G.y//; G.y/ D 1Bk

.y/f .y/J�1.y/:

We estimate Var.G.y// with the sample variance and obtain, for the absolute and
relative variances,

(3.6) �2k �
vol2d .Dk/

n2
k

nkX
iD1

.G.yi / � xG/
2; �2k �

�2
k�Z2
k

:

Here xG D
Pnk

iD1
1
nk
G.yi / is the sample mean.

Now consider the estimator yRi in (3.1) for the i th volume ratio. This involves the
number countNi;iC1. We start by approximating Var.Ni;iC1/ and then incorporate
this into the approximation for Var. yRi /. The number count may be written

(3.7) Ni;iC1 D

niX
jD1

1BiC1
.Xj /;
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where Xj 2 M \ Bi is our sequence of samples. In the invariant probability
distribution of the chain, the probability of Xj 2 BiC1 is

(3.8) pi D EŒ1BiC1
.Xj /� D

1

Ri
D
ZiC1

Zi
:

Since 1BiC1
.Xj / is a Bernoulli random variable, we have (in the invariant distribu-

tion)

(3.9) Var.1BiC1
.Xj // D pi .1 � pi /:

We will call this the static variance. It alone is not enough to determine Var.Ni;iC1/,
since the steps of the Markov chain are correlated. To account for this correlation,
we use the standard theory (see, e.g., [33]) of error bars for MCMC estimators of
the form (3.7), which we now briefly review.

Consider a general sum over a function of a general MCMC process

S D

nX
jD1

F.Xj /:

The equilibrium lag t autocovariance is (assumingXj is in the invariant distribution
and t � 0)

Ct D covŒF .Xj /; F .XjCt /�:
This is extended to be a symmetric function of t using Ct D Cjt j. It is estimated
from the MCMC run using

(3.10) xF �
1

ni

niX
jD1

F.Xj /; Ct �
1

ni � t

ni�tX
jD1

.F.Xj /� xF /.F.XjCt /� xF /:

The Einstein Kubo sum is

D D

1X
tD�1

Ct :

The autocorrelation time is

(3.11) � D
D

C0
D 1C

2

Var.F.Xj //

1X
tD1

Ct :

The sum may be estimated from data using the self-consistent window approxi-
mation described in [33]. The static variance C0 in (3.11) may be estimated using
(3.9) rather than (3.10). The point of all this is the large-n variance approximation

Var.S/ � nD D nC0�:

For our particular application, this specializes to

(3.12) Var.Ni;iC1/ � npi .1 � pi /�i ;

where �i is the correlation time for the indicator function 1BiC1
.Xj /, assuming

points are generated in M \ Bi . It may be calculated using (3.11).
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We use this to write Ni;iC1 in terms of a random variable �i with unit variance
and mean zero as

Ni;iC1 � nipi

 
1C

s
.1 � pi /�i

nipi
�i

!
:(3.13)

Substituting this approximation into (3.1) gives the approximation

(3.14) �Ri � 1

pi

 
1 �

s
.1 � pi /�i

nipi
�i

!
;

where we expanded the term 1=Ni;iC1 assuming that ni was large. Continuing, we
substitute into (1.5) to get

�Z � Z
24.1C �k�k/ k�1Y

iD0

 
1 �

s
.1 � pi /�i

nipi
�i

!35:
If the relative errors are all small, then products of them should be smaller still. This
suggests that we get a good approximation of the overall relative error keeping only
terms linear in �k and the �i . This gives

�Z � Z
241C �k�k C k�1X

iD0

s
.1 � pi /�i

nipi
�i

35:
Finally, we assume that the random variables �k and �i are all independent. As

with the earlier approximations, this becomes valid in the limit of large ni . In that
case, we get

(3.15) Var.�Z/ D �2�Z � Z2
 
�2k C

X
i

.1 � pi /�i

nipi

!
:

The one standard deviation error bar for �Z is Z�r , where the relative standard
deviation is

(3.16) �r �

p
�2k C

k�1X
iD0

.1 � pi /�i

nipi
:

All the quantities on the right in (3.16) are estimated from a single run of the
sampler in each M \ Bi , with pi estimated as 1= yRi (see (3.1)), �i estimated from
the sequence 1BiC1

.Xj / using a self-consistent window approximation to (3.11),
and �k estimated as in (3.6).
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3.3 Algorithm Parameters
This section describes how we choose the base point, x0, and the sequence of

ball radii r0; r1; : : : ; rk . A guiding motivation is the desire to minimize the variance
of �Z, estimated by (3.15), for a given amount of work. Our parameter choices are
heuristic and certainly may be improved. But they lead to an overall algorithm that
is “correct” in that it gives convergent estimates of the integral Z.

Our aim is to choose r0 as small as possible, and rk as large as possible, to have
a smaller overall ratio to estimate. Additionally, we expect the estimate of the final
integral �Zk to be significantly faster and more accurate than each ratio estimate yRi ,
since �Zk is estimated by independently chosen points, so we wish rk to be large.
With this aim in mind, the first step is to learn about M through sampling. We
generate n points xi 2M by sampling the surface measure �.x/ D 1

Z
f .x/d�.x/,

using n MCMC steps of the surface sampling algorithm of Section 2. Then we
choose x0 from among these samples. Usually we would like it to be near the center
of M , to reduce r0 or increase rk . Unless otherwise noted, for our implementation
we choose it far from an inequality constraint boundary using

(3.17) x0 D arg max
xiDx1;:::;xn

min
j

hj .xi /:

The hj are the functions that determine the boundary of M (cf. (1.6)). This choice
may allow the smallest ball Bk to be large, or make it so that most points of Bk
project to points that satisfy the inequality constraints. This is heuristic in that
there is no quantitative relation between minj hj .xi / and the distance (euclidean
or geodesic or whatever) from xi to the boundary of M , if M has a boundary.

This is not the only possibility for choosing x0. One could also choose it ran-
domly from the set of sampled points. Another possibility would be to center x0
by minimizing the “radius” of M about x0, which is the maximum distance from
x0 to another x 2 M . We could do this by setting x0 D arg minxi

maxj jxi � xj j:
Having a smaller radius may mean that we need fewer balls Bj in the integration
algorithm.

Once x0 is fixed, the radius r0 of the biggest ball B0 can be found using the
sample points:

(3.18) r0 D maxfjx0 � xi j W i D 1; : : : ; ng:

Next consider the minimum radius rk . We need this to be small enough that
(a) Bk \M is single-valued over Tx0

, and (b) the projection from Dk !M \Bk
never fails. We test (b) first because it is the limiting factor. We choose a candidate
radius zr , sample n � 105 points uniformly from Dk , and project to M \ Bk . If
any single point fails, we shrink zr by a factor of 2 and test again. When we have
a radius zr where all of the 105 projections succeed, our error in estimating (3.4)
should be less than about 0.001%.

Then, we proceed to test (a) approximately as follows. We sample n points
x1; : : : ; xn uniformly from Bzr.x0/ \ M , where Bzr.x0/ is the ball of radius zr
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centered at x0. We then consider every pair .xi ; xj / and check the angle of the
vector vij D xi � xj with the orthogonal complement T?x0

. Specifically, we con-
struct an orthogonal projection matrix onto the normal space T?x0

, for example, as
P D Ux0

U T
x0

. Then, if there exists a pair for which jv � Pvj < tol, where tol
is a tolerance parameter, we shrink zr and repeat the test. In practice, we shrink zr
by a constant factor each time (we used a factor C D 2). We expect this test to de-
tect regions where Bzr.x0/\M is multiple-valued as long as it is sampled densely
enough. Of course, if the overlapping regions are small, we may miss them, but
then these small regions will not contribute much to the integral Zk .

not implemented here) would be to sampleBzr.x0/\M and check the sign of the
determinant of the projection to Tx0

, namely sgn.det.U T
x0
Uy//where y 2 Bzr.x0/\

M . If Bzr.x0/ \M is multiple-valued, we expect there to be open sets where this
determinant is negative, and therefore we would find these sets by sampling densely
enough.

Having chosen x0, r0, and rk , it remains to choose the intermediate ball radii
ri . We use a fixed � > 1 and take the radii so the balls have fixed d -dimensional
volume ratios (note d is typically different from the ball’s actual dimension da), as

(3.19)
�
ri

riC1

�d
D �:

Such fixed � strategies are often used for volume computation [26]. Given (3.19),
the radii are ri D r0�

�i=d : Since we have already chosen the smallest radius, this
gives a relationship between � and k as � D .r0=rk/

d=k . Note that we choose rk ,
the smallest radius, before we choose k, the number of stages.

It is not clear what would be the best choice for �. If � is too large, then the ratios
Ri (see (3.1)) will not be estimated accurately—indeed, they will be large so pi in
(3.16) will be small, increasing the relative standard deviation of the estimator. If
� is too small, then k will be large and the errors at each stage will accumulate. In
addition, the error at each single stage will be large if we fix the total number of
MCMC points, since there will be fewer points per stage. Clearly, these issues are
important for the quality of the algorithm in practice, but they are issues that are
seriously underexamined in the literature. We return to them in Section 5.

4 Integration: Examples
This section presents some experiments with the integration algorithm of Sec-

tion 3. There are three sets of computations. We first compute the surface area of
the torus T2 (Section 4.1). This computation is cheap enough that we can repeat it
many times and verify that the error bar formula (3.16) is reasonably accurate. We
then calculate the volume of SO.n/ (Section 4.2) to verify the algorithm can work
on surfaces with high dimension and high codimension. Finally, we apply the al-
gorithm to study clusters of sticky spheres (Section 4.3) and make new predictions
that could be tested experimentally.
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FIGURE 4.1. Relative standard deviations �r for the volume estimator
on a torus, calculated using a total of 105 MCMC points with other pa-
rameters given in Section 4.1. The standard deviation was estimated
using our formula (3.16) applied to one run (blue stars), and also as the
sample standard deviation of 50 independent runs (red circles).

4.1 Surface of a Torus
Consider the torus of Section 2.3 with R D 1 and r D 0:5. The exact area is

Z D 4�2rR � 19:7392. The geometry of the manifold is simple enough that we
can choose the parameters of the algorithm analytically. We take the initial point to
be x0 D .RCr; 0; 0/. The smallest ball B0 centered at x0 such that T2 � T2\B0
has radius r0 D 2.R C r/. We take the radius of the smallest ball to be rk D r ,
for which the projection Tx0

\ Bk ! T2 \ Bk is clearly single-valued. For each
computation we generate n points at each stage, with the total number of points
fixed to be nt D kn D 105.

We calculated the volume for each number of stages k D 1; : : : ; 20. We repeated
each calculation 50 times independently. This allowed us to get a direct estimate
of the variance of the volume estimator �Z. Figure 4.1 shows that the standard
deviation estimated from a single run using (3.16) is in reasonable agreement with
the direct estimate from 50 independent runs.3 It also shows that for this problem
k D 2 seems to be optimal. It does not help to use a lot of stages, but it is better to
use more than one.

4.2 The Special Orthogonal Group
The volume of SO.n/ as described in Section 2.3 is (see, e.g., , [37])

vol.SO.n// D 2
n.n�1/

4

n�1Y
iD1

vol.S i / where vol.S i / D
2�

iC1
2

�
�
iC1
2

�
3 We do not strive for very precise agreement. An early mentor of one of us (JG), Malvin Kalos,

has the wise advice: “Don’t put error bars on error bars.”
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n d Vt SV fsV �r
2 1 8.89 8.9 0.0038 0.0047
3 3 223.3 223 0.0078 0.0024
4 6 1:24 � 104 1:2 � 104 0.016 0.012
5 10 1:31 � 106 1:3 � 106 0.022 0.024
6 15 2:30 � 108 2:2 � 108 0.0354 0.0519
7 21 6:09 � 1010 6:0 � 1010 0.0547 0.0094

TABLE 4.1. Numerical vs. analytical results for the volume of the spe-
cial orthogonal group SO.n/ for 2 � n � 7. Here d is the dimension
of SO.n/, SV is the sample mean obtained from a sample of size 50, and
the relative standard deviation �sV and relative error �r are given in (4.1).

is the volume of the i th-dimensional sphere. This formula may be understood as
follows. An element of SO.n/ is a positively oriented orthonormal basis of Rn.
The first basis element may be any element of the unit sphere in Rn, which is Sn�1.
The next basis element may be any element orthogonal to the first basis element,
so it is in Sn�2, and so on. The prefactor 2n.n�1/=4 arises from the embedding of
SO.n/ into Rn�n. For example, SO.2/ is a circle that would seem to have length
2� , but in R4 it is the set .cos.�/; sin.�/;� sin.�/; cos.�//, 0 � � < 2� . This
curve has length 2

p
2� . The difference is the ratio 22�1=4 D

p
2.

We applied the integration algorithm to compute the volume of SO.n/ for 2 �
n � 7. For each n, we ran the algorithm N D 50 independent times and computed
the mean of the estimates SV and the sample standard deviation sV . We used a total
of nt D 105 points and k D 4 steps for each n. Since the true value Vt is known,
we can compute the relative standard deviation esv and the relative error �r via

(4.1) fsV D sV
p
NVt

; �r D

ˇ̌̌̌
SV � Vt

Vt

ˇ̌̌̌
:

We give the results in Table 4.1, which shows our relative errors are small, and
close to the estimated standard deviations. We notice that the errors increase as the
dimension gets higher.

4.3 Sticky-Sphere Clusters
Next we consider a system of particles interacting with a so-called sticky poten-

tial, which can be thought of as a delta-function when the surfaces of two particles
are in contact. This is a model for particles whose range of interaction is very short
compared to the particles’ diameters, as is the case for many kinds of colloidal
particles. The probabilities of finding the system in different states in equilibrium
can be calculated using statistical mechanics [16], and we briefly summarize the
relevant ideas.

Consider a system of N unit spheres in R3, that is represented as a vector x D
.x1; : : : ; xN /

T 2 R3N , where xi 2 R3 is the center of the i th sphere. We suppose
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there are m pairs of spheres in contact E D f.i1; j1/; : : : ; .im; jm/g. For each pair
in contact there is a constraint

(4.2) jxi � xj j
2
� 1 D 0; .i; j / 2 E;

and for each pair not in contact there is an inequality that says the spheres cannot
overlap:

(4.3) jxi � xj j > 1; .i; j / … E:

To remove the translational degrees of freedom of the system, we fix the center of
mass of the cluster at the origin. We do this by imposing three extra constraints,
which together are written in vector form as

(4.4)
NX
iD1

xi D 0:

We define M to be the set of points x satisfying the constraints (4.2) and (4.4),
and the inequalities (4.3). It is possible that M has singular points where the
equality constraints (4.2) are degenerate (have gradients that are not linearly in-
dependent), but we ignore this possibility (note that the 1 in Section 2.3 shows our
algorithm may work even near singular points.) Therefore M is a manifold of di-
mension d D 3N �m� 3 embedded in an ambient space of dimension da D 3N ,
with surface area element d� . If M is not connected, our algorithm samples a
single connected component.

The equilibrium probability to find the spheres in a particular cluster defined
by contacts E is proportional to the partition function Z. In the sticky-sphere
limit, and where the cluster is in a container much larger than the cluster itself, the
partition function is calculated (up to constants that are the same for all clusters
with the same number of spheres) as [16, 17]

(4.5) Z D �m´ where ´ D
Z
M

f .x/d�.x/:

Here � is the “sticky parameter,” a single number depending on both the strength of
the interaction between the spheres and the temperature. This parameter is some-
thing that must be known or measured for a given system. The factor ´ is called
the “geometrical partition function” because it does not depend on the nature of the
interaction between the spheres nor the temperature. The function f .x/ is given
by

(4.6) f .x/ D

3N�m�3Y
iD1

�i .x/
�1=2;

which is the product of the nonzero eigenvalues �i of RTR, where R is half the
Jacobian of the set of contact constraints (4.2). In the mathematical theory of
rigidity, the matrix R is called the rigidity matrix [6].
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Manifold ´ ´t
8 6.99˙ 0.12 7.014
9 44.4 ˙ 0.33 44.402
10 57.1 ˙ 0.26 57.07
11 18.9 ˙ 0.20 19.18
12 3.30˙ 0.020 3.299
13 62.4 ˙ 0.23 62.34
14 3.35˙ 0.039 3.299
15 27.7 ˙ 0.14 27.78
16 11.7 ˙ 0.058 11.67
17 28.5 ˙ 0.31 28.41
18 8.44˙ 0.088 8.238
19 69.2 ˙ 0.33 69.43
20 50.9 ˙ 0.27 50.86

TABLE 4.2. Geometrical partition functions ´ of the configuration
spaces of clusters of N D 6 unit spheres with m D 10 contacts (the
numbering is as in [17], where the manifolds are called “modes.”) Each
computation is done using a single MCMC run of nt D 108 points. The
error bars (such as ˙0:12 for manifold 8) are one standard deviation,
estimated using (3.16). We compare the calculations with the value ´t
obtained in [17].

As a first check that our algorithm is working, we calculate geometrical par-
tition functions ´ that are already known by considering the 13 different clusters
of 6 spheres with m D 10 contacts. All manifolds formed in this way are five-
dimensional. For each manifold we compute ´ as in (4.5) using nt D 108 points
and k D 4 steps. For each estimate we compute its error bar using formula (3.16).
We compare these values with the values ´t calculated in [17], which were obtained
by parametrizing and triangulating each manifold and calculating the integrals us-
ing finite elements.4 Table 4.2 shows that the two calculations agree.

Next, we consider a cluster of N identical spheres that may form either a chain
(C) or a loop (L), as in Figure 4.2. We are interested in the conditions under which
chains are preferable to loops. Let MC;N and ML;N denote the manifolds cor-
responding to a chain and loop, respectively; these have dimensions 2N � 2 and

4 In [17], the calculations were done on the quotient manifold obtained by modding out the ro-
tational degrees of freedom. We originally tried working in a quotient space here by fixing six
coordinates; this worked for these low-dimensional manifolds but we had problems with higher-
dimensional ones, particularly chains. We presume this was because of the singularity in the quo-
tient space. To be consistent, all calculations in this paper are performed on the original manifold
M , which contains rotational degrees of freedom. Therefore, we compare our results to the value
´t D 8�2ź, where ź is the value reported in [17]. The constant 8�2 is the volume of the rotational
space SO.3/.
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FIGURE 4.2. Two-dimensional view of two clusters of 6 spheres: a
chain (left) and a loop (right).

N ´C =´L .nL´L/=.nC´C /

4 6.02˙ 0.032 24.1˙ 0.13
5 13.5 ˙ 0.13 67.5˙ 0.65
6 22.9 ˙ 0.41 138 ˙ 2.5
7 35.1 ˙ 1.0 246 ˙ 7.0
8 49.0 ˙ 2.6 392 ˙ 21
9 60.3 ˙ 5.0 543 ˙ 45
10 83.6 ˙ 9.5 836 ˙ 95

TABLE 4.3. Ratios between the geometrical partition functions of a
chain and a loop of N particles, for 4 � N � 10. We report both
the ratio ´C =´L of a single chain vs. loop, and the ratio .nC´C /=.nL´L/
when spheres are treated as indistinguishable. The latter may be used to
estimate the sticky parameter � as in (4.8).

2N � 3. For example, for N D 10 spheres the dimensions are 18 and 17. Integrals
over these manifolds are not easily calculated by deterministic parametrizations.

For each N D 4 � 10 and for each i 2 fL;C g, we compute the volume V
and the geometrical partition function ´ of the manifold Mi;N , using nt D 108

points and k D 4 steps each. Because we don’t have other results to compare to,
we check that our calculations are correct by comparing our calculated value of the
average of f , namely xh D ´=V , to that estimated by our sampling algorithm, zh.
The values of zh and xh agree within statistical error as shown in Table 4.4.

With the values of ´C and ´L we can make experimental predictions. Indeed,
the ratio of the probabilities of finding a system of N sticky spheres in a chain
versus a loop in equilibrium is

(4.7)
P.chain/
P.loop/

D ��1
nC´C

nL´L
;
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where nC and nL are the number of distinct copies of each manifold that one
obtains by considering all permutations of spheres. If the spheres are indistin-
guishable, then one can calculate that nC D NŠ=2 and nL D .N�1/Š=2.5 From
the calculated ratios .nC´C /=.nL´L/, shown in Table 4.3, and the value of the
sticky parameter, which must be measured or inferred in some other way, we ob-
tain a prediction for the fraction of chains versus loops, which could be compared
to experimental data. Of course, the spheres could assemble into other configura-
tions, whose entropies we could in principle calculate, but (4.7) still holds without
calculating these additional entropies because the normalization factors cancel.

If we don’t know the sticky parameter � for the system, then (4.7) can actually
be used to measure it for a given system. Indeed, an estimate for � using a fixed
value of N would be

(4.8) � � y� D
# of loops of length N
# of chains of length N

�
nC ´C

nL ´L
:

Such a measurement could be useful, for example, in systems of emulsion droplets
whose surfaces have been coated by strands of sticky DNA [10]. The DNA attaches
the droplets together, like Velcro®, but the sticky patch can move around on the sur-
face of a droplet, so a chain of attached droplets can sample many configurations.
Understanding the strength of the droplet interaction from first principles, or even
measuring it directly, is a challenge because it arises from the microscopic interac-
tions of many weak DNA bonds as well as small elastic deformation of the droplet.
But (4.7) could be used to measure the stickiness simply by counting clusters in a
microscope.

Finally, we note that the ratio .nC´C /=.nL´L/ is related to the loss of entropy as
a chain forms a bond to become a loop. Even though a loop has more bonds, hence
lower energy, it still might be less likely to be observed in equilibrium because it
has lower entropy. The ratio .nC´C /=.nL´L/ is exactly the value of stickiness �
above which a loop becomes more likely than a chain, which corresponds to a
threshold temperature or binding energy. Note that as N increases the ratio does
too, so we expect fewer loops for longer polymers than for shorter ones.

5 The number of distinct copies is NŠ=o, where o is the symmetry number of the clusters, i.e.,
the number of permutations that are equivalent to an overall rotation. For the chain, the symmetry
group is C2, the cyclic group of order 2, and therefore the symmetry number is 2. For the loop,
the symmetry group is CN , the rotational group of a regular N -gon of order N , so the symmetry
number is 2N . It is also possible that the spheres are distinguishable, for example, if the bonds
forming the chain are unbreakable and only one bond can break and reform, in which case we would
have nCDnLD1.

Note that for three-dimensional clusters, the number of distinct clusters of N spheres should
usually be computed as 2N Š=o, where o is the number of permutations that are equivalent to a
rotation of the cluster (e.g., [35].) In our case, however, the clusters can be embedded into a two-
dimensional plane, so a reflection of the cluster is equivalent to a rotation, hence we do not need to
include the factor 2.
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V ´ xh zh

4 Chain 3:51 � 102˙ 1.03 1:32 � 102˙ 0.38 0.374 ˙ 0.0022 0.379 ˙ 1:5 � 10�5

4 Loop 8:27 � 101˙ 0.20 2:18 � 101˙ 0.054 0.264 ˙ 0.0013 0.261 ˙ 7:6 � 10�5

5 Chain 3:03 � 103˙ 16 8:31 � 102˙ 4.3 0.274 ˙ 0.0029 0.279 ˙ 1:1 � 10�4

5 Loop 3:19 � 102˙ 4.3 6:19 � 101˙ 0.85 0.194 ˙ 0.0053 0.194 ˙ 2:8 � 10�4

6 Chain 2:70 � 104˙ 2:7 � 102 5:33 � 103˙ 52 0.197 ˙ 0.0039 0.206 ˙ 1:9 � 10�4

6 Loop 1:66 � 103˙ 13 2:32 � 102˙ 1.9 0.143 ˙ 0.0024 0.147 ˙ 3:1 � 10�5

7 Chain 2:42 � 105˙ 1:3 � 104 3:84 � 104˙ 1:9 � 103 0.158 ˙ 0.0017 0.151 ˙ 1:7 � 10�4

7 Loop 1:01 � 104˙ 1:2 � 102 1:09 � 103˙ 13 0.109 ˙ 0.0026 0.110 ˙ 2:6 � 10�5

8 Chain 2:19 � 106˙ 6:4 � 104 2:77 � 105˙ 8:3 � 103 0.127 ˙ 0.0075 0.111 ˙ 9:6 � 10�4

8 Loop 6:76 � 104˙ 1:6 � 103 5:65 � 103˙ 1:3 � 102 0.0836˙ 0.0039 0.0824˙ 2:5 � 10�5

9 Chain 2:12 � 107˙ 1:1 � 106 1:73 � 106˙ 8:9 � 104 0.0816˙ 0.0084 0.0820˙ 1:1 � 10�5

9 Loop 4:94 � 105˙ 1:7 � 104 2:87 � 104˙ 9:2 � 102 0.0582˙ 0.0038 0.0612˙ 1:2 � 10�5

10 Chain 2:07 � 108˙ 1:2 � 107 1:43 � 107˙ 8:1 � 105 0.0689˙ 0.0080 0.0604˙ 3:5 � 10�4

10 Loop 3:81 � 106˙ 2:2 � 105 1:71 � 105˙ 9:7 � 103 0.0448˙ 0.0051 0.0453˙ 4:7 � 10�5

TABLE 4.4. Volume V , geometrical partition function ´, and mean vibrational
contribution xh D ´=V for the manifolds Mi;N corresponding to the loop/chains
of N particles. The computations were done using nt D 108 points. Error bars
are calculated using (3.16). The results are compared with the average vibra-
tional contribution zh estimated from our sampling algorithm. Specifically, we
generate np points on Mi;N (and repeat this nm D 10 times) and estimate the
average as zh D 1

nm

Pnm

jD1
zhj where zhj D 1

np

Pnp

iD1 f .Xi /. The error bars of
the latter are computed using the sample standard deviation using a sample of
size nm D 10.

5 Minimizing the Error Bars: Some Toy Models
to Understand Parameter Dependence

Equation (3.16) estimates the relative standard deviation of the estimator �Z
for Z. We would like to choose parameters in the algorithm to minimize this rel-
ative error. Previous groups studying similar algorithms in euclidean spaces have
investigated how the overall number of operations scales with the dimension [26],
but to our knowledge there is little analysis of how such an algorithm behaves for
fixed dimension, and how to optimize its performance with fixed computing power.

To this aim we construct a hierarchy of toy models that suggest how the error
formula may depend on parameters. We focus exclusively on the sumX

i

.1 � pi /�i=.nipi /

at the right of (3.16), which estimates the relative variance of a product of ratio
estimates. This is because the estimator �Zk for �k usually has a much smaller error,
since it is estimated by straightforward Monte Carlo integration with independently
chosen points. Our models may apply to other multiphase MCMC algorithms.

We consider an algorithm that chooses the same number of points n at each stage
and has a fixed number of total points nt D kn, where k is the number of stages.
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Additionally, we fix the largest and smallest radii r0 and rk , respectively, and take
the d -dimensional volume ratios between balls to be the same constant �i D � at
each stage. The ratio � and number of stages k are related by

(5.1) �k D

�
r0

rk

�d
D C;

where we will write C to denote a constant (not always the same) that does not
depend on � or k.

We now make the approximation that Ri / �. This would be exactly true if M
were a hyperplane of dimension d . The relative variance we wish to minimize is

(5.2) g.�/ D C
� � 1

log.�/

k�1X
iD0

�i :

Recall that �i is the correlation time for the indicator function 1BiC1
.Xj /, assuming

points are generated in M \ Bi (see (3.11) and (3.12)).
We now consider several models for the correlation times �i that will allow us

to investigate the behavior of g.�/. Ultimately, we would like to find the value ��

that minimizes this function.

5.1 Constant �
Suppose the �i D � are equal and independent of k. This would happen, for

example, if we were able to make independent samples and achieve �i D 1. It also
could happen if there were a scale-invariant MCMC algorithm such as the hit-and-
run method or affine invariant samplers. It seems unlikely that such samplers exist
for sampling embedded manifolds. In that case, we have

(5.3) g.�/ D C
� � 1

log.�/2
:

Optimizing this over � gives �� � 4:9 independently of dimension. This result
is interesting in that it suggests a more aggressive strategy than the previously
suggested choice � D 2 [26]; i.e., one should shrink the balls by a larger amount
and hence have a smaller number of stages.

5.2 Diffusive Scaling
As a second scenario, we model �i as

(5.4) �i / r
2
i :

This is a “diffusive scaling” because it represents the time scale of a simple diffu-
sion or random walk in a ball of radius ri (see (5.18) in Section 5.3 below.) From
(3.19), we have �i / ��2i=d . Hence (5.2) becomes, after some algebra and using
(5.1),

(5.5) g.�/ / gd .�/ �
� � 1

log.�/.1 � ��2=d /
:
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FIGURE 5.1. Plots of the functions gd .�/ as in (5.5) for d D 1; 2; 3; 4; 5.

Plots of gd .�/ are given in Figure 5.1. Examples of minimizers ��
d

are f2:6; 2:7;
3:1; 3:4; 3:6; 3:7; 4:1; 4:5; 4:7g for d D f1; 2; 3; 4; 5; 6; 10; 20; 50g, respectively.
Some analysis shows that ��

d
! �� as d ! 1, where �� is the optimal ratio

assuming constant � above. The same analysis shows that gd .��d / �
d.���1/

2 log2.��/
for

large d , so the relative variance in this model is proportional to the manifold’s in-
trinsic dimension d . The figure shows that gd .�/ increases more slowly for � > ��

than for � < ��. This also suggests taking larger values of � in computations.
We found it surprising that the model with diffusive scaling predicted smaller

ratios than the one with constant scaling, since it has a correlation time that de-
creases as the balls shrink so one might prefer to shrink them rapidly. Some insight
into why comes from thinking about the marginal cost of adding an additional ball,
given we already have k0 balls. For the first model, this marginal cost is constant
no matter what k0 is, and equal to the cost of just the first ball. For the second
model, the marginal cost can decrease as k0 increases, since the contribution to the
cost from the j th ball is a decreasing function of j . So, with diffusive scaling,
each additional ball does not increase the error by as much. Another way of seeing
this is to plot the correlation times as a function of ball number, and note that the
first and last balls have fixed correlation times. The total error is roughly the area
under this plot. But the area under an exponential function connecting .0; C rd0 / to
.k0; C rd

k
/ increases less when k0 ! k0C 1 than the area under a constant function

connecting .0; C 0/ to .k0; C 0/ (here C , C 0 are constants.)

5.3 A Brownian Motion Model in Balls
As a third model, we approximate the MCMC sequence X0; X1; : : : with a

continuous-time Brownian motion and simplify the geometry to two concentric
balls in a d -dimensional plane. This allows us to find an analytic formula for �i .
While this is a natural model to consider, we will describe later why it fails to
capture the behavior of almost any system of interest. Nevertheless, the reasons
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behind its failure help build intuition into high-dimensional geometry, so we feel it
useful to describe this mathematical exercise.

What follows is an exact derivation of the correlation times in this model. Read-
ers interested in only the result may skip to equation (5.21) and the subsequent
discussion.

Let Xt be a d -dimensional Brownian motion on a d -dimensional ball B0 of
radius R0 centered at the origin, with reflecting boundary conditions at jxj D R0.
We consider the stochastic process

(5.6) F.Xt / D 1B1
.Xt /;

where B1 is a ball with radius R1 < R0, also centered at the origin. Our goal is
to derive an analytic formula for the correlation time of the process, defined for a
continuous-time process to be (compare with (3.11)) [33]

(5.7) � D 2

Z C1
0

C.t/

C.0/
dt:

This is expressed in terms of the stationary covariance function of F.Xt /:

(5.8) C.t/ D EŒ.1B1
.X0/ � xF /.1B1

.Xt / � xF /�; xF D EŒ1B1
.X/�:

The expectation is calculated assuming that X0 is drawn from the stationary distri-
bution, which for a Brownian motion is the uniform distribution.

We know that

(5.9) C.0/ D Var.F.Xt // D xF .1 � xF /

(as for a Bernoulli random variable), so we focus on computing the integral in
(5.7). Notice that xF D .R1=R0/d .

We start by writing (5.8) in terms of the probability density p.t; x; y/ for Xt D
x given X0 D y. If X0 is in the stationary distribution, then the joint density of
X0 D y and Xt D x is Z�10 p.t; x; y/, where Z0 D vol.B0/. Using this expres-
sion to write (5.8) as an integral over dx dy, integrating over time, and rearranging
the integrals givesZ 1

0

C.t/dt D Z�10

Z
B0

Z
B0

.1B1
.x/ � xF /.1B1

.y/ � xF /

�

Z 1
0

p.t; x; y/dt dy dx:

(5.10)

To calculate the time integral we must evaluate xp.x; y/ D
RC1
0 p.t; x; y/dt: No-

tice that p.t; x; y/ satisfies the forward Kolmogorov equation with boundary and
initial conditions (see, e.g., [13]):

(5.11)
pt D

1

2
�xp for x 2 B0; rp � yn D 0 for x 2 @B0;

p.0; x; y/ D ı.x � y/;
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where yn is the vector normal to the boundary. Therefore xp.x; y/ satisfies the equa-
tion

�x xp.x; y/ D

Z C1
0

�xp.t; x; y/dt D 2

Z C1
0

pt .t; x; y/dt D �2ı.x � y/:

Therefore xp.x; y/ is proportional to the Green’s function for the Laplace equation
in a ball.

We now wish to evaluate the integral over the y-coordinate,

u.x/ D

Z
B0

f .y/ xp.x; y/dy;

where we have defined f .x/ D 1B1
.x/� xF to be the centered function whose co-

variance we wish to evaluate. One can check that u.x/ solves the Poisson equation

(5.12) �xu D �2f for x 2 B0; ru � yn D 0 for x 2 @B0:

We now solve this equation analytically for u.x/. For d D 1, (5.12) reduces to an
ODE, whose solution is

(5.13) u.x/ D

8̂̂<̂
:̂
�
R1

R0
� 1

�
x2; jxj < R1;

R1

R0
x2 � 2R1jxj CR

2
1; R1 < jxj < R0:

For d � 2, we solve (5.12) by looking at radial solutions u D u.jxj/ D u.r/.
In polar coordinates (5.12) is

(5.14) urr C
d � 1

r
ur D �2f for r 2 .0; R0/; ur.R0/ D 0:

We solve this equation using the elementary radial solutions ˆ.r/ of the Laplace
equation (�u D 0) in the disk,6 and requiring the solution to satisfy limr!0 u.r/ D
0 and to be continuous at r D R1. For d D 2 we have

(5.15) u.r/ D

8̂̂̂<̂
ˆ̂:
R21 �R

2
0

R20
r2; 0 � r � R1;

R21.logR1 � log r/C
R21
2

 
r2

R20
� 1

!
; R1 < r � R0;

6 These are given by

ˆ.r/ D

8̂<̂
:
C log.r/CK; d D 2;

C

2 � d
r2�d CK; d � 3;

where C and K are constants [9].
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and for d � 3 we have

(5.16) u.r/ D

8̂̂̂̂
<̂
ˆ̂̂:
Rd1 �R

d
0

dRd0
r2; 0 � r � R1;

�
2Rd1

d.2 � d/
r2�d C

Rd1

dRd0
r2 C

R21
2 � d

; R1 � r � R0:

We can now evaluate the integral over the x-coordinate to obtainZ C1
0

C.t/dt D Z�10

Z
B0

f .x/u.x/dx

D vol.Sd�1/Z
�1
0

Z R0

0

f .r/u.r/rd�1 dr;

(5.17)

where in the last step we have written the integral using polar coordinates. Here
vol.Sd�1/ is the surface area of the boundary of the unit d -dimensional sphere.
Substituting our analytic expression for u.x/, and using (5.9) in (5.7), we obtain

(5.18) � D R20hd .�/:

Here � D .Ro=R1/
d is the volume ratio as in (3.19), and the functions hd .�/ are

given by

(5.19) hd .�/ D

8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

4

3

� � 1

�2
; d D 1;

��1 � 1C log.�/
� � 1

; d D 2;

4

d2 � 4

.d � 2/��1 � d�2=d�1 C 2

�2=d .1 � ��1/
; d � 3;

The functions hd .�/ are proportional to the correlation time and are plotted
in Figure 5.2 for d D 1; 2; 3; 4; 5. For fixed � and d � 3 the correlation time
decreases with the dimension, and for all d we have

lim
�!1

hd .�/ D lim
�!C1

hd .�/ D 0:

We found all of these observations to be surprising and will discuss them further in
Section 5.4.

We use (5.18) to approximate the correlation time �i in (5.2) as

(5.20) �i D r
2
i hd .�/:

After some algebra, we obtain

(5.21) g.�/ / ld .�/ �
.� � 1/hd .�/

log.�/.1 � ��2=d /
:
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FIGURE 5.2. Left: plots of hd .�/ from (5.19), which are proportional
to the correlation times of the process 1B1

.Xt / in (5.6). Right: plots
of ld .�/ in (5.21), which are proportional to the relative variance of the
product of ratios. Both functions are analytically computed for a Brow-
nian motion Xt in two concentric spheres for dimensions d D

1; 2; 3; 4; 5.

One can verify from (5.5) and (5.21) that ld .�/ D gd .�/hd .�/, so this model’s
only difference from that of Section 5.2 is that it additionally models how �i de-
pends on �.

Plots of the function ld .�/ for dimensions up to d D 5 are given in Figure
5.2. The function l1.�/ is strictly decreasing, while ld .�/ is strictly increasing for
d � 2. It follows that the ratio �� that minimizes (5.21) is �� D 1 for d � 2.

5.4 Comparing the Toy Models with Data
Our first two models for the correlation time predicted an error that was min-

imized at an intermediate value ��, equal to about �� � 5 for the model with
constant � , and slightly smaller for the model with diffusive scaling though ap-
proaching it as d ! 1. The third was totally different—it predicted taking as
small a � as possible. What does the empirical evidence suggest?

Figure 5.3 plots the relative standard deviation of �Z, obtained empirically from
averaging over several simulations, as a function of log.�/ for several different
manifolds of varying dimensions and codimensions. For this figure we calculated
the volume using k D 1; : : : ; 40 and computed � using (5.1), assuming fixed r0
and rk . All curves have the same basic shape, which is qualitatively the same as
that predicted by the first two models but not the third.

What went wrong with the third model? The only difference it has with the
diffusive scaling model is an additional assumption for how the correlation time
depends on �. This correlation time was small for large �, something to be ex-
pected since a Brownian motion should leave B1 very quickly when B1 is much
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FIGURE 5.3. Top: plots of the relative standard deviation �r of �Z as a
function of the ball ratio � for eight different manifolds. These are each
obtained using formula (3.16) from a single run of nt D 106 points. The
minimizers �� are reported in the plots and plotted as smaller black dots.
Bottom: plots of the relative variance �2r of �Z of the same manifolds,
combined together and normalized so that they all have the minimum in
� D 1, superimposed on the theoretical model g2.�/ given in (5.5).

smaller than B0. But, importantly, the correlation time was also small for small
�; small enough to make the overall relative variance decrease monotonically as �
decreases. The fact that the correlation time approaches 0 as � ! 1 implies that a
Brownian motion leaves B1 very quickly even when B1 is nearly as big as B0.

We believe this is an artifact of our highly restrictive geometry, and almost any
problem of interest will not have this property. In high dimensions, virtually all of
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the volume of an object will be concentrated near the extremal parts of its boundary,
a fact that can be checked for example by calculating the volume of a spherical shell
of width � � 1. A sphere’s boundary therefore is concentrated near the outermost
spherical shell, so when a Brownian motion enters B1 it will with overwhelming
probability stay near the boundary, where it is easy for it to leave B1. Therefore,
we expect the Brownian motion to quickly enter and leave B1 repeatedly, like a
Brownian motion jumping back and forth between the boundaries of a thin strip.
The correlation time therefore should be short.

When B1 \M , B0 \M are not spherical, then some parts of their boundaries
will lie further from the origin than others, and it is in these “corners” that we ex-
pect a Brownian motion to get stuck for longer times. In convex geometry such
corners are known to control the computational complexity of Monte-Carlo algo-
rithms [32], an effect that is simply not possible to capture with Brownian motion
in spheres. We expect that inhomogeneous boundary densities are the norm rather
than the exception in any problem of scientific interest, and therefore do not believe
the predictions of this third model.

6 Conclusions
We introduced algorithms to sample and integrate over a connected component

of a manifoldM , defined by equality and inequality constraints in euclidean space.
Our sampler is a random walk on M that does not require an explicit parametriza-
tion of M and uses only the first derivatives of the equality constraint functions.
This is simpler than other samplers for manifolds that use second derivatives. Our
integration algorithm was adapted from the multiphase Monte Carlo methods for
computing high-dimensional volumes, based on intersecting the manifold with a
decreasing sequence of balls.

We discussed several toy models aimed at understanding how the integration
errors depend on the factor by which the balls are shrunk at each step. Our mod-
els and data suggested taking larger factors than those suggested in the literature.
We also estimated these errors by computing results analytically for a Brownian
motion in balls, but the results of these calculations disagree with computational
experiments with the sampler. We discussed the geometric intuition behind this
failure.

We tested the algorithms on several manifolds of different dimensions whose
distributions or volumes are known analytically, and then we used our methods to
compute the entropies of various clusters of hard sticky spheres. These calculations
make specific predictions that could be tested experimentally, for example using
colloids interacting via sticky DNA strands.

We expect our methods to apply to other systems of objects that can be effec-
tively modeled as “sticky,” i.e., interacting with a short-range potential [28]. For
example, one could calculate the entropies of self-assembling polyhedra, a sys-
tem that has been realized experimentally in the hope that it will lead to efficient
drug-delivery methods [31]; one could calculate the entire free energy landscape of



36 E. ZAPPA, M. HOLMES-CERFON, AND J. GOODMAN

small clusters (building on results in [17]), or one could more accurately calculate
the phase diagrams of colloidal crystals [27, 34] by computing entropic contribu-
tions to the free energy.

While our methods have worked well on the systems considered in this paper,
we expect that applying them to certain larger systems will require additional tech-
niques and ideas. For example, the manifold corresponding to the floppy degrees
of freedom of a body-centered cubic crystal is thought to have a shape like a bi-
cycle wheel, with long thin spokes leading out of a small round hub near the cen-
ter of the crystal [19]. Sampling efficiently from a manifold with such different
length scales will be a challenge, though one may draw on techniques developed
to sample the basins of attraction of jammed sphere packings, for which the same
issues arise [29]. A different, though possibly related problem, is to sample from
manifolds whose constraint functions are not linearly independent. Such man-
ifolds arise, for example, in clusters of identical spheres [21] or origami-based
models [20] and could be important for understanding how crystals nucleate.

There are many possible improvements to the Monte Carlo methods described
here. For the sampling algorithm, one improvement would be to use gradient infor-
mation of the density function f to create a more effective proposal distribution.
It may be possible to find a manifold version of exact discrete Langevin methods
described, for example, in [25, 33]. An interesting extension to the sampler would
be to allow it to jump between manifolds of different dimensions. With such a
sampler, one could calculate the ratio of entropies in (4.7) directly without first
calculating the volumes.

Our integration algorithm could also be enhanced in several ways. It could be
extended to the case when the intermediate manifolds M \ Bi are not connected,
for example, by using umbrella sampling techniques. It could be more adaptive:
the radii Ri could be chosen more systematically using variance estimators, as is
done in thermodynamic integration [18]. We could use additional ratios such as
Ni;iC2 (see (3.2)) to improve the ratio estimates. We could also let ni vary with
ball radius so the errors at each ratio are more equally distributed; according to the
diffusive scaling model of Section 5.2, we should use more points to estimate the
larger ratios. Finally, it might be possible to change the probability distribution
using smoother “steps” when breaking up the volume into a product of ratios, as
in [18] and thermodynamic integration [12], though how to adapt this strategy to
manifolds is not immediately clear.
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